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Hearing Feynman lecture in person on the math-physics is a good preparation for this lecture. The 
lecture "Relation of Mathematics to physics" can be found at: 


_-_http:/ /www.youtube.com/watch?v=M9ZYEbOVf8U 


Anothere related lecture worth hearing is: 
Mathematician versus Physicist 


http://www.youtube.com/watch¢v=obCjODeoLVw 
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LECTURE |} 


INTRODUCNON Jo THE LECTURES ON 
MATHEMATICAL TECHNIQUES 
of 
ENGINEERING AND PHYSICS 


TodAY begins A mew YEAR of LECTURES AND THS TME We witl 
DISCUSS The sUbSECT of MATHEMATICAL MEMODS of ENGINEERING fn 
Physics. WE will bE DISCUSSING Soch TOPICS AS COMPLEX 
NOTATION, VECTOCS ,TENSOFS , VATIOUS SPECIAL FoNCTNOWS LIKE RESSEL 
funcnNons With come AhovT IN NON LINGIT Problems, Foorier trawstoras, 
AND SERIES. 


Our problem iS NOT To FormulATE The PhYsics of A Given Problem 
bet vATher To APPLY USEfoL MAMEATICAL TECHNIQLES IN SOLVING 
THE RESOLTING EQvinons. As such our EfferTS with NOT be 
DIV ecTEN Towhrd GEveTAli2 ING ovr FESYLTS To fA BroAD CLASS of 
ProbLeMS bot vATher To PAY ATIENTOWS To C&T ASPECTS of The 
Probiem IM QUESDoy. The First FIND formosT TAS K before VS ISTO 
Sor mul ATE AN APPRAMIM ATE EQUATION winch conTHs The Physics 
And which GAN be APPrOMI MATELY SOLVEN. IT IS tMPorTANT To APPrEc ATE 
ThAT We ACE NOT STSIVING For The ExACT ANSWER boT onty for 
AN APPROXIMATELY riGhT AnSwerR. This must be KEPT IN mind AS 
w€ ProoressS ALWAYS Teme ber WE Agcuracy of The DESiren ANSWRR, 


SOLVinNG@ EQVANON 
We AtL KNOW how FP SOLVE The SimPLE QuttdvANc EQUANON 


x + %x+7 =0 
AND WE Should KNow Kow To SOLVEe The Cubic Equimony 


x4 Rho 4 K -1-=0 
bur how DO we Solve for K GIVEN The EQuANodN 


e* = cosx2 


These Simple EXAMPLES CAN be CATEGOFIEED AS A SET oF EQuATIONS 
which AYE 3 
cl) Linear AND Therefore TriviAL 
@) QuADrATIC e " 
AND (3) ALL THEREST wHich Are NON TeVvIAL 
Ir 1S Tne Third cATEGOrY Which INTETESTS Me MOST SINCE IN The 
REAL Workp ALL THE Probiem ARE tous IN ‘7. 


LET TAKE AN ExfmPte of A Cubic EQofMOM And SEE how 
WE MIGhT Solve IT. Gluen The Cubic Which we wriTé AS, 
zb = &@x 
| +x” 
WE will SOLVE IT bY The TriAl ANd Error MéEThod. If This 
METnod GIVES OS Tne righT ANSwer-GreaT! There 1S NOTHING 
WONG WITH TUTINNG DOWN SOME NumbérRS IN The Process. 
This doesn't represent A Curtume LAG ; IT IS SicK TO ThIWK THAT 
IT AS. 


IN Order To HELP VS Solve TRE EQUATNON WE Will INVENT 
SOME WAYS To INCREASE ovR EFficieNCy IN GUESSING ThE ANSWER. 
LeTS Then form A bie of vALuEs FoR X The LEFT HAND 
Sipe of The EQUATION AND ThE RIGHT Also WE will COMPUTE 
The nifFerence benween The Two SiDES, The fotLowinG STEPS 
PRE TAKEN 


STEP X L.H.S RWS Diff 

LHS - RHS 
I. TRY X70 ° {,000 . 000 |. 000 
2. THAT DIDN'T WOFK ; Try X=] \ 0.50 2.00 - |,S00 


3.THAT DIDN'T WOrK Eimer buT 


we AYE ON EITHET SIDE of ThE 
S@Gr. WE MIGhT Guess The 


SWwéer LiéS .4 Of The WAY bemeen +S 8 },00 — +200 
o fid | so LETS TYY 2495 
4. were CEMNG bEeTTEr Try x24 -4 .B6U + 890 +, 06% 


5. Since He Ditterence IN 3 AND 4 
1S ON E1TWEr SidE of The ANSWER 
INTErFPOLATE bEeETwEEN THEM 1€, A>: rere 


So wy xX: 424 ary B47 848 001 


AND Now WE hAve Tre ANSWER TO AN Accuracy of .1%o. So 
Tis meTroo 1S PrenTIY AccuUrATE ANd {1S bETIET Thi A MAChING 
becAUSE IT CAn'T GUESS WhAT JO DOD NEXT. 


4. 


This METHOD of INTERPOLATION works WELL WhEN The pi ttercuce 
BETWEEN The TWO Sues of Tne EQUATION Come ovT TO be + And —. 
When ThAT HAPPENS YOU CAN INTERPOLATE Awo GO AGAIN. ONE 
word of CHUNON NEVER USE GYAPh PAPER: ITA IS ALWAYS 
EASIER TO VSE The NYUMDERS. 


Tnere ACE Two MORE METHODS Which ARE More APProPriATE 
of MACHINE TWAN bY hfwn , ThEY ARE ThE METHOD of ITERATION 
ANd NEWTON'S METHOD. ThE IDG 1S To write he EQuimow AS 


Xout > t ee 
q+ xd, 
Where YOu Now Try AN Xw VALUE, E.G Xm20 find And 
Xout ; THEN PLUG Frat VALUE bACK IN | ETC. 


STEp Xin X ouT 
| 1@) -§0d 
Q 5S oN 
3 4 J 43 
4 ~434 426 


H You want AA LOT of Accuracy IN Me ANSWER THIS METHOD has 
fm Error which Decreases much More SLowLY Tnan The Préviovs 
Method. Also You have Te be cARefL Tht The €QuATON 
Is wriTEN IN ThE RIGHT form OTHE wisé The ANSWER WON'T 
Convence. To Show This Soive tor XIN 


Xin = = ] 
Z XouT 
MAKE A TABLE Ann START EvALVATING 
Xin X ov 
4 ‘ 5 
cS 0.9 
O OO 


To SEE WhY The ANSWER 1S DIVERGING LETS SUbBSFITUTE 


Xin = Xtaue + Gon 
Wh er € Xr 


Then 


A(x+t Ein) 
EXPANDING We have 


§9 
og ite tha Kea 


Cour IS TREN GYEATET THAN TWICE Te Evvor IN $0 ThE 
AnNSwéf (S DIVETGING 


NewTon'S MeThop 
“TRE NEWTON'S METROD REQUIRESWRITING The FINCNON IN The 
Form $x) 20 Pale 


~ - 2x =:0 
F(x) 14x" 


if you Are ctose TO The ANSWER wih A Guess SAY Xi Then 
EvALvATE (x1) ANd ALSO f'CX.), IN This case 


VERY 2B BQ ‘\ 
crx) 4(x) 
Tren The NEXT TP wovldD bE x 
Xx >Xi 7 fix) " 
£'(%X) 
TRY X,~0 THEN F(Xa)= O- re 5. ANd F(X1) a 
Aid Xr °S % it > 1424 
2.64 


THis TECHNIQUE DOESN'T REQURE Much INTELLIGENCE 6 SO IT 
IS @reny for A COMPUTER. THE ANSWER WILL ALWAYS CONVERGE 
except for A tew FATE EXAMPLES. Howewer WIS MEMond REQUITES 
EVALVATENG BOTH F(X) ANd F'CxX) , F'CX) MAY be had To 
ComPpuTe ANd pificot To EvALUAT ED. 


-Xx 
| Probuer} SOLVE e = cosx To Jos 


A word ON ComPLEX ROOTS. If You MADE A MISTAKE AND 


DiDN'+ DO The Problem Rieht Or TOU DIDN'T ExPEecT Thé 
PhYSICS RIGhT The roots MAY be comeLex To TiInD Compren Roots 


You hAVE TO So_ve TWO EQUATIONS IN ZA UNKNOWNS. This 
CAN be Dowe bY Me SME Procepure AS OUTLINED be fore. 


GIVEN 4(x,¥) 20° five 9ox, 7) aie) 
fonmon of X 1F 
ot The €QuATions. 


Sind p AS A 
POSSI DLE TheEN SUbSNTVTE BACK INTO ONE 


SERIES 


WE WANT To DEAL wiTh Whe Problem of SUMMinG SERIES. 
Trere ATE Lots of WHYS To DO IT, The SABIEST way INVOLVES 
ADDING Tne Numbers, Tis many STVIKE YOU AS Odd Since You MAY 
HAVE beem TAUGHT A LOT 0f ShfrP METhoD of SUMMING SERIES 
which you have ALL forcotréen. You cin of Cou RSE Try To Memoriz€ 
The ANSwer tN Some SPEciAL CASES And MAT IS GoOD Sometime, 
Yor EXAMPLE IT IS QUITE VSeHVL TO KNOW MAT 
txt ag xtgxds --- = 


1~X 
Oné | ANow TWAT SERIES 1 CAN deAL WITH MOLE COMPLICATED 
s€res such AS 


It Acoso + atcos2ze + arcoszOr eo em ¢ 
ICAN SUbSNTYTE For cose, 


. . “¢O 
co5s9O -: Re‘? rd e'® re 


First 


Then | have 


<Q ~c@ re) -4c 0 
It7'20€@ “+h ee +hnete + nae “+ --- 


. : -<® z -8°9 a 
YVe(i tae ®,ate? +---) + W(itae tate +--)= 
4 | ey = Df l-acose sasme In acoso -vapeid 
a=) ad ae) 7 
Ci-ae ) 7 Cl-ae i é Cia cosa) + (aging) — C! 4¢03@) Casi 


1) 


l-avcose 


1-24 cos +0" 


A KNOwLreDGE Of COMPLEXL Row Numbers §5 VERY IMPORTANT 
IN SIMPLYING GEOMETTIC SEenes. LIKE WIRE IT IS tMPorThuT 
TO RE ALLE TO EXTEND ONE formulA TO more APPLICATION, 6.6 
Mme Series ae 
1+% 

If 1 Now have A Néw Problen where lwimt The Sun 
of The Series 

}- xX 4 © - XK + ---- = Sta) 


ce 3 4 
\f Mme Numbers iN The Demominfttor Are nice Numbers 1 cf 
Sum WE SeriéS boT TO Do WAT i NEED TO KNow How Td 
DifferenN ATE AND INTEGTATE SERIES. UNTIL | GET The Tre 
Senres in fy form 1 Recognize. IN The UFS€ Above 
| wANT TO GET PID OF 24,4, ---- + To Do That 
Differenn tre wiTn TESPEecT To CwRTI) X 


)- x 4 xb-x3 4 --- > 


+ <= d X SCA) 
dx L y 

oO 

R x Sox) = Mnlltx) + CONSTANT 

To FfNd Te consTant ler X20 Thay X SCX) 20 

So C=O AND | We 


Sox) = 4 Incr) 
x 
SvPPpose we MAKE UP The SERIES 
ae ee a, © ere, oie: ie “PEER 
qe pe. ) 
Aud WE want To find TCx). BY DitfeReuTiATING 
PP Xo Sp gee SS) 
L 3 3 


From Me cAsSe Above 


Tox) 2 - x Ann (1 -x) 


Now WE WAVE To INTE GYATE , 


TL) = ne 4 fon i-g)idg +¢ 


-U 


SY¥bsmnNTQ \-Y% =e Then 
-U oo 
TCx) 2 -ue du: \ udu 
-u D u 
1 -e e -\ 


So AEtEer ALL pur work WE Are STUCK wWITh A INTEGYAL 
Which We hfve To Look ve IN AMbLE. 


The ONLY OTWER recourse TO SolvInG The PREVIOVS Proble 
1S To Add UP The NUMbDERS, TWAT SoondDS DIRTY bot believe 
ME Tere tS NOTHING WronG wih iT. we hAve Then 
For TCV 


br Yqg + Yo + "te torr ce = 


fo 4 .%So +. #+.003 4,090 +. 008 4+:016 F:0ID 4, 010+ -- 
AND we hive The AWSwer To [°%fo ACcurnAcy. \ CA ADD uP ThE 
SERIES MOFE TAPIDLY If CONSIDER ThE SERIES 5 Vy 
ns] 


OnE why TO TYEAT THis SErTIES IS LIKE The ADDITION OF A 


Lot of recTMmMGLes of 12 INTEGER IN WIDTh ANd CONSIDER 
A @ CONTINUUM of VALUES. Pf 1 
Go TOD Tne 38 NuUMbEeR ANd INTEGTATE 
MWe TEMPMINING VALUES | have 


edi ae al ae U0 ee 

Te x* | 
Nolé We LowER INTEGrAION LIMIT 1S o t ra 3 4 s 
The middLE PoSMoN oF ThE LAST IWTETVAL TAKEN. LET mE Comp fre 


The AccUrACY Of Tris fPPrOXIMATEON with The crodesy, 2 owl 
U TEV MS 


iv #] 
} + i | dx = eso’ oe. <b = )6S0 « c 
2 Uy = =—K* 2A | D TO 
Vio Already 
let + Ne dy . 1.36 { > ).GY? 
tr 3g 3%, xe ne ar 
AMd Te Next Tere is Lo mote 77423 S71928S7 
t l Se ae |} 6458 
bt ae t Ae t Je * Jay He 
ew? 
we) 


IT 


—_— 


\ 


= V+ ye 4 xt 4? 


iS Good TO KNow THE followiIno SERIES 


‘on | 


Cvn-!) 


\-xX 
J (> X) 
tan” x 
zu 
e” on eh eae +3, 
Cos x Bt AOR ask. ee eee 
a' 4! oY 
SIN X ~ xX es + x Sh eles + (-i)" abd 
ctx") 
SOME Problems 
if Sx) = X - Bp XL oe 
3 § 
finp I- 73 t Vg eo .  ae 
CALL ss JS zp el ye YQ tte + es too 
Finny l4¥g 4 ‘ras + Yay >yodd Number 
Sum Ae gee See sree 
ae 3) bs Be 
Sum See ee ae ee 
ee 23 3:4 


PRODLEM save €*% = cos% TO 1% 
e* = | ice | + x Ee + fais Si... 
a 6 
pat By pag 
ro 24 
e” * scosx -9 po YRE-SR? y Ss, = y-xt , x3 
v & 2 24 
x7 5 we - wo +R =O 
24 © Zz 
x( “x3 -xB-R + 1)=0 
24 & r 
k= 0 
y3 4 4xt - 1tK +24 70 : $(x) 
xt C¥+ 4) -~ Ux +24 29 
XOX 44) = 1UK-W \ 
Xt = (2 CK72 : a 
x+4 


try x28 yr = (tC xX-2) 


x74 
X L HS RWS 
ro) fe) -24 
qe 4 1S 
ee (by 
Try X,21 
ee ee ee ee -2.4 
5 
: Se oe ee lig 
14:3 


LECTURE 3 


METHODS of DiIFffEREVTIATING 
AND 
INTEGRATING 


THE 18 A STYAIGHTHOrwArd WAY TO DIE RENTIATE 


COMPLICATED =fuNCTIONS, SuPPOSE WE hAVE The FUNCTION | 
lg 
fox) = Ci+x*) : nx 
C1 +cox) /* xt 


Awd we want £'CX). Here's whAT You po: 


STEP 
l. WRITE DOWN WE ftuncrnon ANd besivée IT pet A brAckéeT 
zy 3 X 
¢ 1+ x*) nx Sum of DerivATIVE of TERMS 
3 
C1 +Cosx)” Xe 


2. starr DitferexTIANNG GACH FfAcTOr ONE AT ATIME 


oy firsT wriITNG DOWN MWe EMPONENT, Then 


IN The DENOMINATOF WwrITE THE FUNCTION THAT 1S 


bene® pvitf€renTATED, IN The Mumer ator puT The 


dérivative of The function, tT Goes LIKE WIS 
7 DEnvAnvE 


Cx) 3 Anxd 1 AX 4, a. te 2 3 CAmx ey ee! 
Ct +cosx) 5 3 ci4+x?) dmx 2 Ctitrcosx) x 
EXponénT | 


WhAT IS bemto ditferewTiATE D 


3. Combine ThE BrAcKeT TECM AND SsimPLITY If Possible 


Tne FEASON WAY ThiS TECHWIQUE WOrKS 
but Quite Simpry 17 
if i have The function 


CAN be EXPLAINED rigorously 
IS ASSOCIATED WITH The derwaTve of LocAriihn. 


fiuyyw) = UP wo Aud ot wand f'C) Trew 
pbs) < & yh C 
d (urvbows) = uty a ee + 4 dv fee dw ) 
dx U vy o* Ww x 
where 1 use Wwe fact Twat 
dinN 2 4 dh 
dx N dk 


10 


| USE This Técthiqué every time 1 wave To DIttERENTIATE 
EVEN when iT IS A SIMPLE FUNCTION LIWE 


FC xy 2 where fix) = X (2 = ) 
14x Itx \ X +x 
| DoW ThaAT WAY bechvse | CAN NEVEr FEMEMbER The ruce tor 


DifferewTiANNG The PropycT of Two funcrom KE 


dYy Ce - dv): 1 du _ udv 
d x V U V Vv V 


This meThon Of DiffERENTIAMNG 1S NOT DISCUSSED IN VERY 
MANY BOOKS bUT | REcomMMEND YOU LERRN How TO uSé IT 
becAUSE IT 1S QuITE VALUADLE, 


METHODS of INTEGT ATION 


There ARE SEVErAL wfYs IN WhicH COMPLICATED INTEGTALS 
CAN be EVALVATED, They ARE! 


(i). BY substifunon of vARIAbLES 
@) ‘INTEGYATION bY PARTS 
(3). BY cOmPLEXK UVArIAbLES 


The Thivd méThoD 1S The ONE | WANT TO Work wiTh because 
IT 1S The MOST POoWETAIL MeThod for hid LING CompucATen 
INTEGYALS. 


The SvSSTTUTION Which twill bE MAKING, which | 
PRESUME Yov ALL KNOw 15 


e‘? = cose +2SINO 
ONn€ oF TRE BulDING BLOCKS WhicH | NEED IS The FOLLOWING 
infor MATION: 20 

{ eo dx 2 = 

lo Q 


Now Suppose | WANT TO EVALYVATE The DEFfmiTe wTEGrAl 


me x 
-A 
j e cos bx dx 


ce) 


WhAT Do lt do? 


The hKwST Twine IS To SubsitTuTe for cosbx _€ +e 


Then 2 
& . 
i a - 4 mM ~ Ax « by ~ubx 
L = e cosh x dx = e e +e dx 
° o 2 


FEATTANGING we GET 
L -(a - cb) x 2 7 
2 | [ e re ie » | dx 


ANd EC ALUNG TWAT 


| 


SomeThING 


- SomeTh Inc) 
€ dx = 


wé have WaT 
= | oe Se 
2 a-cth atib ar+h? 
ONE NOTE THAT This TECHNIQUE ALSO WworkS ON TE INdetimiTe 
INTEGrAL AS well, ie. 


(; ee cosbx dx 


0) 


We will offen MES HAVE TO DiheREnTIATE UNMER The 
INTEGYAL SIGN Before GETING The INTEGYAWH INTO A form Tha 
WE CAN ESILY INTEGY ATE. The GENERAL formuLA ThaAT we 
WANT TO Use 15 


So  Xuta) 
ae | $(x,x) dx 


XA) 


The SIMPLEST CASE 1S WhEeN Xi ANd Xe ARE Fixed VALUES 
fND DO NOT DEPEND ON The VATIAbLE X. IN This CASE 


dT 2. d [ | fosnres| = \"" dtxe) dx 
Ki 


dX da ” ae 


12 


IM THE omer CASE WhEN The LimiTS of INTE GLATION DEPENO 
ON of we have WaT 


Xk) 
ay | OTK) 4 46 Katt) J Xa Col) _ fea Dh 


‘} 


d 
ay XiLa) dX o% om 


AS AN EXAMPLE 


co 
ne dx = id ("ey Ld fs ] 
2 ja \ e dx = 5. Ca) = ae 
LIKE WISE 
ee \ xte dx =. d fe da Z 3* (4 ) ‘ a 
da dat Qa a3 


Since we ATE workinG® With METHODS of MATHEMATICS WE 
WANT TO LEATN TO EXPANQO OUR NEW KNOWLEDGE TO NEw PrODLens. 


Suppose | Gtve YOu The FollLowING INTEGYAL TO EVALUATE 
is SINK dx 
: x 


WhaAT wovuLn You pot Welt Try PUTTING & IN The 
SINE TONCNON SO TAT 


tie-< i: Sim aR dy 
o x 


Now @ fa) 
ate). f | * ees | ax = ‘ COS Axx dx 
° x ° 
UnforTuUNATELY Wwe CAN'T EVALVATE The LAST INTEGYAL SINCE The 
fonCNON COS KX IS OSCILLATORY With A tETO AvEerAGE VALVE. 
LeTS Try A DifferenT toncnON 


oO | 
Ae # \ ee sinbx dx 
x 


oO 
aa 
Y) 
ee 
8 
\ 
¥ 


CN Aasbx dx 2 eFeesbx de = 4 
a*+b* 


* 


13. 


So fiNALLY we have MAT 


&® ~w& 

( e y Sn bx dic 2 tina” b 
. x 

To find CGC Choose b=O- which mmpLigs C20. WE Are 

Now IN f& POSINON TO finn i Sinbx dy th we LET azo 


Then 0 * . x 
Jo SIN bx dx = + AN © = 
2 


pas 


ce 


Thus £ b mn so + - J 
| LO J Swbx dx re p>o \ +a fw 


fF b= ( =O. GYAPHICALLY TRE touncTrroN LooKS LIKE 
+1 
u 
mie) 
b 
“i 
t 


DELTA FUNCTIONS 


<8) 
We TheD To EvALUATE THe INTEGrAL |, cOSAxdx And 
CONCLUDED ThAT IT WAS indeTerminaAntT. This 15 NOT sTTICTNLY True 
bECAVSE WE CAN EVALUATE TRE INTE GIYAL TO bE 


&% 
Ns COS x dx : Tt $() 


W here &(p) 15 CALLED A déeLTA fuNCNON-. ThE concert of A 
deITA FUNCDON IS Quite usedreE IN PhYSICS ANd Therefore WwoRTh 
discussing HERE. 


Tne derTA SuNncNON CONCEPT INVOLVES A SEQUENCE of fon cnons 
CeENTETEQ AbOvT A POINT AND Whose Aref EQUALS UNITY. THAT 1S 
ThE widTR (tS PropornONAL To X ANd The HEIGhT INVErSELY 
ProPOrTIONAL To X , In The LimiIT The dette fun(NoN IS ZERO Evert where 
Excerty AT X=0 + There 'T WAS AN ATER EQUAL TO ONITY | 


— Soa dx = | 
“wo 


14 


The GENEAL FormutA for Tre DeuTA foncnoNn 15S 
(° fon §cx-a) dx = F(a) 
-@ 


AS AN Exile Let f(x) = x” Then 
ro : (2? 
X'§cx-a)dx 2 a) S(x-a)dx va 
-o -O 


SOME IMPOCTINT ProPERTIES OF The DELTA 
SUNCTON ATE he FOLLOWING, 


Fx) § ‘'Cx-a) dx = - f'Ca) 


The déevivAtve of The deLmM FuncTON LOOKS LIKE 


§Cax)=_) Sex) 
bal 
ANd 
8 (x) = + S(-k) 
We CAN EASILY Prove Scan) = | § (x) 


tat. 
DY FULTIPLYING by Ay Arbivary tUNCNON Pix) 
fold Then INTEGYATING 


(x dx = 1 | Pex) Sexjdx= 1 Co) 
j PIX) §cax)dx ail 7 x) = Y 


OMER DELTA FONCNON PROPERTIES ARE 


§'(- x) = - SX) 

x dCx) =O 

K §&'(x) 2-8 

6 C gen) = | § Gx) 


a eee! 


JN The Problem oa cospxdax = 1 3() And = STYAIGHT forward 

WAY Ww EVALUATE The INTEC’ 18) To ComPuTe Whe ind Chnite 

VALVE jt cospx dx = eae > SINBL ANd (eT LD SET 
fe) 


SINBL =O Since tor ALL PhysicAl SYSTEMS SIN AL WILL EVENTUALLY 


DAMP ouT. 


IS 


As ANOTHER EXAMPLE 1 WAS ONCE GIVEN The FfoLLOWwING 
INTEGYAL TO EVALVATE 


Tl 
Pe cus ( m tha) do 


To SMT Tis Problem Set X= tANOD Ten doz X 


1x 
iv») 
-—> COS mx dx = Sm) 
: irxe 
DIF ETENTIATING 
s'Cm) cal io my dx 
° t+Re 
Acmn - 
S"cm) = = xt cosmx dx 
° 1+x* 
Now | have bultT A POLYNOMIAL INTO THE NoMmerAaToR bY 
DifferentiIATING, By ADDING | iNsidé The ) SiGe t have 
ae 
C!+x*) casmyx dx = Scm) - S“Cm) 
>) C itx* 


which becomes The follLOwING DiftfeREYTAL EQUATION 
S'Cm) - Stm) >= -7F S(m) 


To SOLVE The DiffEremTIAL EQUANON YOU hfve TO break The 
REGION of m Wo Two PATS: m0 Ayd m0 


J 


fr .om>o S''Cm) -Scm) 20 
w MSO Si bm) - Som) 0 
DME SOLUTON TO He ECQLATIONS Are 
for M?7O Stm) = Ae™ 4 Be ™ 
m “mw 
“ omeo Scm) = Ce +Ddé 


We don'T Know WhaT A,B,C, AND D ARE 86 TO Go torThER 
WE hftve 1 USE ThE §Cm) FONCTON TO RELATE The Twd 


REGIONS. This Shows You how COMPLICATED THESE INTEGANONS 
CAN GET. 


le, 


FEYNMAN ON THE THEORY of QUARKS = - JO)Z/70 


RdAy | mtv hfve discoveren A fond AMEYTAL TELATION Ship 
beTween SPin STATISNcS ANd QuALrK Theory, There has been 
A copTNuING Effort To TYY TO TELATE boTh Sermi Mid Bose 
SPIN STANSNCS IN QumTVM MechANICS. Fermi SATISTICS SAYS ThaAT 
Spin ‘DR PArTCLES DON'T LIKE TO BE IN THe SAME STATE . WhLe 
Bose STATISTICS ( BoSons) LIKE TO Be IN The Sfme STATE, These 
Are We INTEGYAL SPIN PfirTncLles LIKE PhoTOMS, 


Now Quftks ANd TneorenncALLY spin 2 Parncre. Taree 
Quirks AMAKE UP The fundamental PATTICLES » Eg. ELecTrows 
PYOTONS. SuPPOSedLY AS SPIN Yo PHrTICLES The Obey fermi 
STATISTICS. ProTOmS however SEEM TO hAvEe Quarks Which obey 
ose STATISTICS. 


) Now believe TAT ALL The APRrENT ANOMALIES IN Quark 


Theory CAN be EXPLAINED If WE ConsidER QuATKS To Be 


PIECES OF MATTET WITW SPIN 'A TRAT OdDEY BoSE STATISTICS, 


‘7 


lecTurRe 3 


PROBLEMS 
(0) EVALUATE 60 iia a 
0 x* 
(2) SHOW ~o - by 
(7 ete dy = Jn(%) 
d 


(3) Giv én . oF, = fii /z 
41ND a a eds - ~ 


MNT. PuT GQ INTO Tre First | Then Diff erenT rate 

oO 

(4). Finp § ~ PRE Ye 
) € dx 

Sve & 
(S}). Prove = eee _ bt 
y te e COsh x dx = ail e Fav 
2a 


ye ; 
Tos fP aagdy . f onax dx 
x x* 
Jd Ts ~ 2x cos xX” 4 x cos axid x= 
al * yt 
va a % 
d Ld) 2 _ \ UXx* Sin kx dx - ._.4T CC) 
Jx® 2 
JIG) +47) = 0 
al mA é 
A Odie en Tepegee” “acd 
oe a = 60S % 


“a 
Tita) = j, ood Ta) = + : 4 é “tdy -~— . 
i 


1 Ch) j ye Mdy ee 
Tiay= — Lycay d 
T? Lb) = ~ Yn ob) 


Tito) = (. e ey 


T= +lace) + kind) = dn (bo) 


v 7 Oo a ace 
- ges 4 [es i 


1 
Oo 
ws 
b 


w 4h 
fy find e je | 
Giv : 
rca) = |, ge on : ie 
ee 
T'ca) = f-4 


SS da 
dtm  . _ ye 
Ta) 


ta +07° 
Ln (&}= a, 


te 
It = ed 


-q* 
| gre fi e 


oo “px - Ce ty 
Find fe e 


LEcTuRE 4 


MeRE ON METHODS OF INTEGRATION 

{ want TO POINT OVT TnAT LEANING ThE TricKS of CALCULUS 1S 
QUITE IMPOMTANT becaame with A few TrIEKS YOU CAN SOLVE ALMOST ANY 
SOLVABLE Problen. BuT You with NEED HE Herp of A MUMbeEr of 
KEY INTEGTAL from which ALL The oMers ATE derivAbLé. For 
EXAMPLES  N Pierces TABLE of INTEGYALS 


DEFINITE INTEGTALS CANNOT bE QuicKkLY 
tnave fond Whar REGUIFE SPECIAL 


ONLY A CouPLE of ThE 
SOLVED, THE Two WhicH 
INGENUITY Ale THe foLLOWING’ 


co x 
e* dx = ff 
-00 


: X dx = 


re 
lo | SIN q 


ANd 


In Most of The defimre 


INTEGFALS 
Solved br 


IN Preftce ThEeY CAN be 
USING Several Techwigves Such AS INTECYATION bY PATS, 


Sobsniy Now Ht v¥NIAbLES ANd d HerenTIATING OUNdér THE INTEGrAL 


SiGN- IN The ExAmeLes AbouoT IT IS oOfTer4 POSSIbLE TO salve 
The IWIEGTAL bY GETIES EXPANSION. LETS WOrK The Seconnd 
INTEGTAL OUT. 


x ~X% 
we have That \° tdx  SubstiTuTe Sor SINHX = eG" 
> Sinhx 


© -X 
| ze xd 
e 1-e@%% 


ANd retvrANGe 


SINCE WE CAN HANDLE The INT GoraAmoN of ©* The more we hAve 
TRE beTrer off we WILL bE, Thus ExPAnd The dendmiNATOr 


AS 
o . - ~ - 
a\ etxde( rae ees es... | _ 
) 
< ~3K -SX 
ae xe ds + AV Oe dx + a\xe 
° 


dx + oof 
Now we should 


TEAEMbDER THAT 


OD Kx { hh 
Qo dx = 
i: an” Anid | xe dx 


9 
Al—- 
re 
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USING THESE INTEGTALS WE Tren hAve ThaAT 


& 
Xdx _ aa \ ] 
BREE ce BP Dac ahh Se 
| Sinhx ( gosh igt ) 


Now | happen ToKNow THAT The Series Cin be Summen ANd hfs 
A vate of WH, If You dow'T KNow ThaT YOu pre Sort of 
STuck. BuT 1f YOU ONLY WAnTEed The AysSwer DW A COUPLE of 
decaimAL PLACES POU Would JUST ADD Some TErmg AS |! 
EXPLMNED befoRe. ThuS we have WAT 


ee es 
°  Siwhx 4 


| $0G@GEST YOU TYY TO WOrK OUT Tre déehniTEe INTEGTALS GIVeD IN 
Pierce C PACE 62) becAuse you hfvE ALL The NECESSATY Toors. 


SOLVING INTEGTALS USING DIFFERENTIAL EQUATIONS 


Last DME 1 WAS TYYING TP Work OOT h6 INTEGFAL 
fe) 
Stm) = \ coSmx dx 
. er ehe 


tt x* 
| WAD GoTTeN AS FAY AS WHITING The INTEGrAL AS A DIFtEerenNAL 
EQUATION 


Stm) -S"(m) = cosmxdm = Tdcm) 
° 
Jo SOLVE This EQUATION | CAN TLND A formuth IN ff booK WhiCH 


SAYS THAT ThE SOLUTION TO The €pUAMON 


oad = 4(x) 


IS Given by 


oo 
where we hkve WAT 
X=m ANd + = -PScm) 


ac 
u 
(4) 
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0 
y > a0 e* S14) dt aaa e* fit) dt +Ae" 
- K 


+X 
+Be 


We MAY SPCCULATE TWAT 
bul wG Soon REALIZE WAT iF 


Stm) 
iT Dip 


CUNTAINS A déLTA funcnow 
iTS S€CONd DETIVATIVE 


wovld be A horrible funcnomM CONTNNING Whe SECONd RErWwATIVE 
oF & deLTA PNCNON. Thos we ATE LED TO BELIEVE THAT S''cm) 


CONTHINS A delTR foNcnon. 
DETIVANVE WoOUlLd Be CONTAIN 
WE Have 
A KINK IN 


ir. The Wo SLoPes 


\f This were The cASE The FirsT 
A JUMP oR STEP cHfneée. Thus 
INTEGrATE OVER A JUMP, 


Thar MEANS That scm) hAS 
HSER bY A TACOR of T, 


IT 1S Now KNows THAT IN The NétGhborhood of m=O The 


EQUATION for Stim) becomes 
S''cm) = - Tdcm) 
Pua = @¢ mld 
S' cm) = -nicm) + CONSTANT Wee m>? 
And 
ANALY Sem) = ~-Tm dtm) + Cm + D 
If we Note TWAT AS) m-—= 00 SCM) —-»>O WE conclude A=0 
Pid Likewise AS M ~-a@ Stm) —70 SO D=9. Do TO TRE 
SPMMETTICAL ChhracTer of Stm) we have Thar To2-C. Thos 


m 


we cAN WRITE tor moro, Be ™ And for mio Be*™, Since 
Stm) = Be” -m70 wd Ber WE chin EVALVATE B SING 
S' = - Be” M70 
a 2 Be” m 70 
Pats e*™ mco 
or S" = -2B dtm) 
buT Sh > - TN SCM) 
so B= a 
zu 
frid we hfve 
@ = 
COSmMX _ scm) = t im | 
5 L+xe QED 


Al 


Tren off INTERMEDIATE ANSWER 1S 


io) 


“ + - -~m 
1s e*| e’{-néc] dy - e ‘| eT -aScvildy + fe + Be 
-@ 


m 


The 4SirsT INTEGYAL WILL GIVE The vALUE - If The IMTEéCTATION 


from - wwhoty TO WM conThHNS The derTR fuoncnon SCV), Lf IT DOESN'T 


MEN Me SECOND |INTECGTAL WILL Give Tre VALVE -f. WE CAN wriTe 
MEN 


Stm) = -¥ e” dm) +17e™ ( l - {cm ) + Ae™ + Be” 


HETE The FwxtPON Jom) 1S Dethnen AS The STEP WWNCTDON 


4Cm) j 
4cm)= 0 m<0 
JCm)= 1 m 70 
™Mm 
Thus ie 
Sor M70 Scm) = - re + Ae +Be™ 
fast] 
é for mao ih ~m m 
Scm) = 47e + Ae + Be 


Toco forTher it is NECESSATY TO FiINDAAND B. By SYMMETYY Of COSINE 


funcnon Sor Mm boTR £ we have Thar A And BRB most de EQUAL. 
Then if WE LET M -e ME COSINE IN RAPIDLY OSCILLATORY WHICH 
DAMPS OUT EVENTALLY so A Prd B must GO TO ZERO, 


Now \N The RANGE of m #0 18, 


where Scm) =O WE r¢rHive 
The DITFECENTIANL EQUATIONS ° 


“mM 
Scm) = S"(m) —> scm) = Ae” + Be for md 
And ; ‘“ -™ 
scm) = S“Cmy| — Scm) = Ce + de for mo 
\We have Tne Problem 


of FIITING These Two SOLUTIONS TOGETHER AT m=o, 
COMMONLY COLLED A BoondATY VALUE Problem. Normally 

These fAv€ THUGHT TO The STUMENT TO be QuiTe DIfMWLT bot ME 

SELTH FUNCTON RESOLVES ALL of Whe weiRd CONDITIONS deveLoPEeD 

by The TERCHER. Roth The dei fuscnon Mild STEP HINCTION Serve 

To TELL VS WhAT HAPPENS beTwEEN Whe TWO REGIONS. 


This 18 


AL 


La 


ANOTHER iEGYAL WworTh workiNe out 1s 
oo ~Q -b 
e ¢ -€ ‘ d 
d 4 ¢ 
We cAN GET TRE ANSwEer A Number of WAYS boT NOTE If 
WE work WIT The ArST INTE@TAL | ed dy wie CAM 


d 
differennare WRT QA And GET 
dT = — ‘ ed d = 2. a 
da ° d OL 
2 Ts —- na + CONSTAVT 


To EVALUATE Mme CONSTANT WE NEED TO EVALUATE Tne INTEGrAL 
AT oNE séT of O And b VALLES. NoTe 1f G=b we have JusT 


oo © - = + 
y, °3 a prea - o Mmeetre T=0 fnid oC dnb. Ths 
: ar Sn “Yaw 


observe WAT we cAN'T TAKE The Lower LIMIT of The 
INTEGYAL i ed dy SINCE Tre VALVE blows UP LOGATITWMICALLY 
Fran 


IN The LIMIT, gus TO GET A TINITE LIMIT LET O be replaced 
bY € And TAKE The LIMIT, Therefore 


0 ~ Oo 

: d 
Tne Numbers ENTENING IN Here ATE AW CurioUS THING Which you 
MAY YY To Derive. 


| wAnNT To POINT OUT find CAUNON YOU NOT T2 bE StoPPY 
WITh TRE CONSTANTS of INTEGTATION, IN The CASE Where 
) SputT of The INTEGYAL INTO 


Je dy JE dy 


The  INTEGYATNON GIVES 


-~Ina +0 +Inb- 
iid You cAN CASUALLY SobTVACT OUT The Two INDNITIES To GIVE 0, 
Ths tS bAd ANd VErY [LLEGITIMATE. 
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To Show You WhAT CHW hHPPEN suPPose t SonsriTeTE FOR Y | Va 

Wen | have 

i. Bre d3/ 7 < e7, . > 

oy —=— d ey = ° 

s/a 3 

WhenEver vou TANSTOrM LIMITS Which Go To © You cAN GET 
IM TYOUBLE, ThE bEST KET 18 TO PUT E ANd KEEP The LimiTS 
FINITE Then Pou CAN COMGINE THE ANSWER So iT DOES NOT DEPEND 
ONt E€, IN The MbovEe CASE Where WE Set 3 ay LeT 


le. he, Ses \ og ("445 


ea 
3 €b 3 pon 3 és 
ce Sn ( B) = Jn (4%) 
As A rure when | Go Dhrouch f Problem The brsT NME 


1 fd USUALLY QoiTe SLOPPY NOT PAN ING ATTENTION TO SIGNS, 
Pi’s Sravrs of 2 ETC. The reson 1S TAT more offey Thaw 
MOT HY fArsT ArPProACh LéeAdS To A deAd end so | haveTd 
Revrent TO ANoTher THT. If | See | Sintity have A WAY TO 
ThE ANSWEr I Then Go bACK Very CATETULLY PUTMNG IH ALL The 
Gorrecy fAcTOrs, ANd Grind ~Grind- Grind, 


| meanoned TAT When AM INTEGIAL LS SOLYAbLE There 

Are & loo different WAYS TO Work nf ovl. To Show You 
WhAT | MEAN consider AGHIN Tne IN TEGTATE ‘— coSmy dx. 
Ms DME witl Kit. We Prohlt& with A : bay 
SLENGE hummer. Suppose we KNEW MAT 

\° arvrn Cos @x dx = a 

° K+ B™ 
Then 1 CAN SUbSMTUTE AN INTEGTAL INTO The INTEGrAL for 
A Plece which iS Wfrd TO handle. HoPEfVLLY The resulTNG 
INTEGYAL 19) Ef%Sier TO SOLVE. Thus 


w -¢ 
| e cosxt dt = a 
b+ xr 


R4 


WE Ten HAVE ThaT 


oo ad m -%x 
COSmy dy = dx | dt @  cosxt cosmx dt 
° | +x* } 
° 
Mow dow'T be AN IDIOT AN INTEGrATE WRT tt firsT becmuse 
You WILL be TiG@hT bACK Where YoU STATED From, Substite 


Sor 
Cosxt cosmy = 4 [ CoS Cm4t) K + COS Cm-t) x ] 


Awd recAl vee cos Kx dx = dcx) 


Wen MO Let 
e t | Scmrt) + §(m-t) | dt 


You have TO be cavedvl here if We THKE mM to be Greater Than O 
THEN we TAKE Scm-t) AWd GET 


2) 


oO 
CoS mx ae TT 
\3 Se” “aK. <& z e m >0 


i+x> 


We cAN TrY ANOTMEr MeTnod USING SEériés EXPANSION, k& 


coSmy < Fe ee res: Cee 
j eae ae cos max (| KOEKTT XO + KE + ) 


= 1 §(m) +09°(m) 475° (Om) +--- 


Now TAS 1S A MESS ANd Ve STOP ANd Try ANOTMEr MEeThod. 
Hower YOu Could Prés$ ON USING ThE diher enn at OPEerATOr 
NoTATNON 


OS re u ae = 
Ta dx > lid vis viyd's---] = bh) 


Now you have TO SOLvg 
Ci- DE) SQmy = 1 SU 


Sem) ~ S" Cm) = Them] 
And You're RiGhT bACK Where You  STATTEd from, 


or 


a5 


PROBLEM 


— LECTURE 4 


dx > tt 
x4+at 4 a3 
Ra(aurxd dx = 1 A Ye 
sgencaha dx - 4. Lad 
1+ 8 
X SINX " ee 
1+ Cos x 4 
ftmix dx = zr ) 4 solatiee 
eu dg 2 
ber Siwaw 
Sinh ax dx > 1 tan Ye 
Stnh X et 


Ae 


LECTURE 5 


SOLVING DefiniTE INTEGTALS 


rd LIKE TO Go over some ot We Prmbtems | ASSIGNED 
LAST Time so you CAN Ger A FEEL HOW LIL Go AbouT solLvING 


Tnese definite InTeerAals 


SUPPOSE (| WANT The INTEGTAL 


ae o dx 
L - 4 4 
xX +G 


To SOLVE This t michT Try FACTOrTING SINCE t KNOW THAT 


(Pde = 
Ry xr 2/3 
| have TWAT 
te (oS oe ae ae ee | 
Cx*+ 6a") (xt Cat) aca X*4cat —_- x*-ca* 


ee i ee | 2 0 | te ste] 
zea Lb aff afi vas L Ft fi 
Now |} have TO have We SQURre cooT of PLUS ANd MINUS Ms 
To ceT Fi And Fo 1 TraKe A COMPLEX circce ANd GET The 


1 


YPOTEN USE As - | 
Ye: 2 wt 5 : = (tte) 
Tc : os Sal . _! b-e 
fi fr ‘ & ) 
Wen | have 
T- mw - wy 
zha? 403 


Note ThAT The i's cancetcén ovr 829 | HAVE The PACAT 
roots of Ti And Fe. tf | hid THKEN Te NEGHNUE 
YooTs | word have Gotten Me prone w Answer - iT wad 
nAvVe DEEN IMAGINETY, 
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Suppes& | WANTED The VALUE of MWe FfollLOWwING 

JNTEGYAL 

ao 

Fim) = ‘ cosmx dx 
) 4 
1 +x 

Note if DdDifterewnATE Fim) four TMES WRt Mm. find ADP 
Fim) 1&@ Get 


F'’cm) + FCm) = \. Cosmx dx = Tdcm) 


The foncnon Fim) 1S SYmMETTICAL SINCE The 4 derivATive 
of F €QuMms me Nectrve of imserf. A foxrcnon which 
h&s Ths cChftricter 158 


aan 
F(m) => © 


4 
TREN The diflerewnAL cquanon Giues AS THE vooTS K'=-), 
Tris EQUINON HS four FooTS AriSiINnG from The QuaAdvanc a*2tc: 


= 4 i = I ~t _ al Las eh : 
Ay gt ire) Ar aq C! c) As gle i) dq =k (¢ +1) 
THE form of THE SotuTION JS Then 


‘ Ram kag Mm 
Fomy = Aew™™ + BRet™*™ + Ce?” + De" 


WE Now observed TWAT AS m —> 0 Fm) should ApProAcH O» 
ThevefoRE A And B =O TMWwerwise The fynmon EHPLOD ES, Now we 


hrve Th AT ~™ cum -/F, t+ OY 
Fim) = Cer’ R IJpe z z 


whith CAW be rewni nen AS 


aca 


Fim) = e qc! eos “VR 4 D'SIN “nr | 


Where C' And D' WAVE TR bE reEAL Where C MSDHD covid be 
COMPLEX, We Wow have TO ANA 2 reat ComsTHVTs. When m <o 
we have Thar Fem) = et "/% Cclcosm - D'sin “). The 
DELTA FUNCTION MUST fELATED These Two values of F tm, 
WE KNow WAT The 4% DeriuATIVe CONTHNS A DELTA FUNCTION 
Tvs THe DeriwaANves Gives YS Four EQuATON To find 2 


Nn ‘ ' wee te 
i Simyrfi-m) 4'Cm)> Fico) ACM) = £8 Cm) 


G'"GO)-~F™" Co) FT | me JunP Gives us The §-feNcnON 
IN Me 4h DeEriwhnve, 
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LeT’S TrY® To FIND The INTECrAL 


a cc An Csinx) dX 


*) 


FivsT TY INTEGYATING BY PAYTS, 


(% X SK dx = j ¥CoT K AX 
P. SINK 

New I'M STUCK, How Do | INTEGTATE KX UOT A* I don'T Know, Weil 
i TY? AGAIN. | Could EXPANd bY series And INTEGFATE TEM 
bY TETM. TRAT'S A hElLLYUVA WAY TO frUN A TAILTOAD. Suppose 
1 MAKE The forlowinG® observANON THAT 


ny 
Rutsinx) dX = we A. cusx) dx =A 


Th ew wt 
2A = a [ ucsimn) + kn CwsXx) d dx 
Combing wy : v 
. \ t hy (amx cosx) dx s iar | dn (dome) | dx 
i ie 
tA {Elo dx ae Jon Caw rn) dx 
: Nip r 
=~ kyr + |, dn Comrr) de 
if | Now sopsmDTEe Y=2=2X 1 GET 
v 
2A = -t br 4 j hin (aung) dy 
v ° Ts 
Mow MWe INTECTAL 1S JUST Twice Twe owe 1 STATED 
wiTh so 
> -%¥ —— = -T ron 
UA Ulnt +1@Aay — A 1 Ln 
or 


Ww. iT 
\ i sedeeele > [An coos) dx = -D Wer 


0) 


Aq 


Now Leét’S TYY TO INTEGCYTATE 


( 
7 ie An litx) dx 


C 1+x*) 
LET'S sUbBSTTYTE X= TANY SINCE ' Krew WAT 
dx = 4¥ ax -.dy 
cosy y4xt 


Then 


1 
tT = j . Rn ( 1+ true) d¥ 


ts) 
Wq r a 
= \ Ba (cosy tSint) ay = \, dn Cwsr) dy 


Now I'm worried AbouT The INTEGYATON Limit Wg, So” 
member 
1 “rene ThE TriGconemeTric ideMTITY 


COSY +SiINY = fH COSC Y- %) 
ke. TWO SINE WAVES CAN HE COMbINEd jpuTO ONE SING WAVE, 


Te 008 bai dy 4 (8 Ly feosck-vi dy - (54 fucose dr 


If E> Ya-Y Then He LAST Two INTESKALS SUbTYACT OUT, 
Ad we have 
T= 7 he ir > Tt At 


— 


W 
LéT ME INTEGrATE \ ASINK dx =T 
: Citcos'x) 


) 


I = ue KSiNx dx ae ASINX dk 


i +08 xX We 4+- COS *X 
ng nt 
y 
Jo*(a-ysiny dy 
: emo Sad 
Then ee 
re j orsmy dy 5 Tt 

2 {+costy q 
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00 aX 
Now we'll Try S e°- dx 
o | +e% 
EAPANd by Series 
os -ux -3K ~ 4x 
Ley et(et.e Ge ae eee joey 
a ee ee ee ea 
“=a U-a BS-A 4-q 
This LAST SETIES hag To DE SUMMED And IT IS NOT EAS? 
To Do. The fisngswer 1S 
> T 
Ca) 5 oH 
S SINT A 


iL Wave TO come bACK ANd Show You how TO Sum ThiS 
sEeviiéS . 


Tris Prohiem tS St of The SAME CLASS AS 


‘a SIN AX Jy 


° SINh X 
x -% 
Nore 1 £ & Sv¥bSTITVTE SiNhx = E71 =e 
i ae dx 
Ls \ Pare e ts 
fore 
vo a -3x ~5x 
> can owrax(e * +e +e€ +---) 


use Wwe tWwcr aT 


or Sin ax gone dx > ff 
:7 
eames 


Y) 
o 
ca 
uv 
{ o 
e 
ct 71 
+ 


Ay + + + ae | 
ome gra" zsra' 
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LECTURE 5 


PROBLEM S 


soy 
+x4 


x Cx +a°) 2a" 


a2 (x? ey qa* 


aT 
Ona 


i: sux odx . of (j-e 
j 


e eae ~ Catpt) 
at Aud 
do = 2y ae 

J. A+ bcose nee i axer) 

&% 

iy oy 

is +x’) Ne 
© 
(, ates 2 Lit (tar) 
Cx ne +a*} Za > bCat b>) 

@ = 
( Cosme dx = H(i tme OT pel 
oO Cte 4 

® 

Sinnx _AX 
= e -l 
hi (Sanhx ) Cit x2J en ye 
2 *-] a 

YT 

( ha ( ct ~ 2ac cose +a") dx s antna 
an Lue 

. COS Ax dx ae Ta* 

Cie 2a 2a cosx +a*) i-=q* 
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iF are 
face 


COMPLEX NumbERS 


Complex MUMBETS ATE CemTErED Around one toad AMEenTAL 
EQUATION 


Im Oder TO SOLVE TwiS EQUATION IT WAS NECESSARY 
TO INVENT The SYMbolL 2 Which is dedined AS hAVNG 
The Property That 2°: =). with Tis dehwinon 7 The 
AMAZINGLY EroVehK TO SATISFY ALL The bASIC ALGEbrAic 
RELATIONSHIPS. For EXAMPLE MULTPLICATION Would Give 


~ \2 Z 
Cz +t) = czi)® = 4c) 2-4 
ow 0% 7 
> et waede’ e-f-z2-t279 
Thus when | have A ComPLex Number MADE VP of AN 
IMAGINErY AWd REAL PART SUCK AS Qtbe where 
Kid b ATE FOAL 1) CAN MULTIPLY AS foLtLlows, 
CSr 3¢) C7420) = 354317 -G = 29432 


MULT OLY IW © ANd ADDING ComPLex NUMbErs GivES A NEW 
COmPrLex NUmber. 


DiviDiINn@ WoO COMPLe NUMbERS INVOLVES TAKING 


Tne COMPLEK CONJUGATE of Tre denominator ANd MULTOLYING 
JOP ANd boTTOm, E.G 


q420 = 74Ui CS=3B) 2 CVA eS-g) = ALT4 
§r3e St3t (S - 30) 34 349 


The comMPLeK CONJOGATIR 1S ObTHNEd bY ChANGING ALL 
Tre SIGNS ON Lv. 


SuPpPose WE WANTED X° =r = SoLvEed. Te DO This 


Ler X= atbe Raw I have Carbe)é 2c Amd 

Ote2abcd—-bt=d which GIVES Two GQUATIONS ab 2d 

And Zabe=> |. ONG MOT Is G@=>b Then a= (RR =b. Thus 

xX > Chee) _ Since Ge-b ws ALSO A YOoT X 1S T Orn. 
v 


MWe AMAENG Trine WAooutT comPLe~ NUMbETS TWAT ONCE 


We dehINGd tz we Never have T MAKE ADOTRET SIMILAY DEFINITION. 
Wwe Wave OPEC Whe dooR To fh wthdle NEW Wordd 
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LECTURE © 
COMPLEX NUMBERS 


TIME WE STALTEd TO HER AbovT COMPLEX 
CONVENIEWT When WORKING WITR comPLer 

DRAW A DIAGTAM. The PLANE ThEN 

Pod IMAGCINATY PATT OF The C.M. IN The 
YEPLESENTEO The GEeMErAl 


t 


L ast 
NYMbERS. IT 1s 
Numbers C C.N-) To 
vrepres@oTS The reat 
DiAGréAm TWAT FollowS we have 


CoM, a+ bi, IMAGIN AY 
AXIS, t 


REAL AXIS 


Any CN. Then cin be represenTED AS A POINT IN ThE COMPLEX 
PLANE ANd LocaTeD bY The Coord inATES G Awd b. IT 1S 
often TIME CONVAENIENT TO EPRESENT ThE C.N. IM POLAR 
COORAINATE NOTATION. IF WE LET 


Qz= arncosg Awd b= RSINO 


tan’ ba And R= fatto? we have located 


©® from The reat AxiS ANA 


where eo 
Tre SAME POINT by AN ANGLE 


A LENGTh ,n, from The origin. 


When TWO CN.S fre ADDED WE CAN DEscribe The 


GEOMETICAL SIGNINICANCE Of ThiS OPETANON Trrouch The 


DINGY AM ores 


This DiAGrAM ShowS TraT The Two C.N's Add JusT 
like VECTOTS ACcording To The WELL KNOWN PARALLELOGSFAM RULE, 
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HOLTIPLICATION of COMPLEX NUMDERS 


When Two GN.s ATE MULTIPLIED TOGETHER ThE 
RESULTING PropucT 18 More DifficuLT TO SEE EVEN Difcranm- 
MATICALLY, Suppose | WAVE TWO CLINS Kz ateb And 
(ez tid. IF 1 MULTMPLY Them TOGETHER TWo Thines happen - 
ThE ProducT IS STRETCHED ANd ROTATED. Wsine The diferam 
we have 


LeT’S work The Product OvT USING POLAL COordINATES. 
K = 1K) ( COS@atC SING) And = 11 (COS Os+¢ SING) 
The ProducT 38 
Ks= lal [ CoSO@g cos Ou -SINGESINOGA + ¢ (SIND, COQ OK + SINGK cos) 
USING The Trice Identity we have 
A (> = dp [ COS C On + Op) + ¢ SIN C Ox + Op) | 


Therefore The NEW LENGTH 1S Id! ANd The ANGLE Is The 
Sum of Tne TWO OrigipAL ANGLES. You Should wNotrce it 
PhAve A GN. And MueTIPLY 1T be 2 The Number or 
VEcTOr IS TOTATED 90 deerees, MULTIPLYING A GN. bY -! 
SIMPLY ChANGES ITS VALUE bP t8o0°. 


Now we find {ce USING The GEOMETrICAL ProPerTIES 
of GN'S vust described. Let Tr =x Then x° 22. ThE GN. 


X TS MEN A NUmMbEer which hAS UNIT LENGTH Im 
=? y 
Thus fatto? => 1 And G=b So Q: YR ANA LM pean em aad 
t 
X> 1241, ., Of course we hAvE The NECANVE 
mR fe Re 


fooT which LIES IN ThE Omer QUADSANT, The cLve 

ThAT Tne resuct is "Rt Vie 1s The Sacr Mat we 

Need AY ANGLE Which when Doubled Gives 90°: 
Wis is of course 48° 
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Now TAT we ATE CETTING SMART AT WOKING 
with ¢.N'S LET WY 7Fo SOLVE 


7 
-¢ = § 


lf wE Cube BoTh Sid&S WEN WE WAVE << =-2, Now 
we NEEd A NYOMDEr WhEN LOTATED Throuch 3 EQuAt ANGLES 
GETS US to -¢ which 18 AT @=270°, Thus 06/3 
Avhich MEANS ONG LOOT 1S 2% ITSELF, Now 
Tere ATE TWo oTner rooTS Which WE have 
TO Find. How AbouT AddinG 360° to 270°; 
Surety | ENd VP Where | STATTED buT 
Mow Whew (divide be 3 AGAIN 1 GET 98%%=2I0°. 
Thus ANOTMEr ROOT IS AT A O Awore of 210°. 
To fiNd iTSSL ComPonenTS Driw A DIAGrAM: 
The LENGTH MUST UNITY §S0 Mme IMAGINATY 


Sy 
9) 


PATT 18 - SiN 30° C1) = - Ye. This MAKES ThE le 
Rear PAT i-yy =-4/rz. Thus we hve 
fwnoMner root Y f 
‘ z 
X= - 7 - £ 
z 2 
To ChecK TiS ANSwer CUbE 17 And SEE of 


You GEt -¢ — Yoo saute WE STILL hfVE ANOTnEr 


root To find so LETS ADD ANoThEr 360° to 630°, 
We GeT 990° Now Dividine bY 3 AGAIN we 
GeT 330°. Thus Thre OTWEr rooT NEAT woud a 
be ‘ 

X= - BA + tyr 
Thus WE hAVE Found ThE 3 cube fools of -z, 


In GENETAL Every NUMbeEer FAS 3 Cube 
roots. Consider, 8 | iT hAS 2 AS ONE CUbE Post, | 
To find Tne oTner 2, Nonce The Levetm of The 
C.N. must bE GC ANd fw When ITS ANGLE MuUTLIPLIED 
bY 3 we GET bACK to O°. Thus 360°/3 = 120° IS The . | 
PosiTlON OF ONE OTHE YOOT. ThE ComPoNnENTS 
ARE -1 Awd */ig . To Find Tre 35% root we Add 
AvoTne 360 divide bY 3 fd GET 240°, The oTh& 


fooT 1S 1 - */f%. If WE Add 360° AGMN WE 
GET 2 AGAIN SO TnAT's ALL THE rooTs. 
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As A Gewerft rooTr iT iS Possibrée To TAKE ANY 
INTEGYAL PooT of A COMPLEX or feAL NUMbEr, The 
TooTS Wilk lig€ ON Adie LocATED by dividinG 360° 
INTO TN Buhl PATS , Like fA Piece of PIE. E.G To 
find gle he rootS Are LOCATED Every 360/6 or 60° 
Around We vnitTY CIFclé. Ther form The spokes of A 
HEXAGON. 


If one The other ANd you wihtT The 1™ root 
ot A Number, You Are ovT of LYCK bechvse Tere 
Are AN INIANITE NUMbEr of Them. 


POWERS of OMPLEW NuUMbETS 


in order To work our fF ProbLlen LIK &é Pai wE 


with N€ED TO KNOW The ProducT of cCosOtcsine fiNd 
cose? tiama@. If we LET R?° = cose +¢51n@ And R® = 
cooe tC ame, Then wooldn'T IT be mice tf The Product 
were JUST ROeRT = ROT, 


To see IF we cw Prove Such A Theorem LETS defme 
R to be cost + CSimt which 1S A PerfEecTLY Good ComPLex 
Nomber we. R= .640 4¢(.8491). Now R” would EQUAL COSttom?. 
And iW General iT) holds Thar for awd rear n R" - CosSNntiSInn, 
Now if The Treorem hotds fwd R®°R® = R°T? Me 
Mumber R MusT be some sorT ot Sond AMEeNnT AL root fron 
Which ALL Number S cAN be TAKEA. INdeed ThiS Turns ovT To be 
The CASE. 


WhAT | WANT TO Prové is WAT R® = cet)? : iad 
To do TWAT Consider CR™)™ = RP = C cos &, + € SIN on ) 
Aud LET N bE very LATGE £.6 10°, 107, 10%, If we 
write WE Sime cosine Series iNSide The PhrewtTheses Then The 
LeAding Terms are 1 4+* Gy - Son +... . The ‘nt Terms 
WitL dvop ovT AS N GETS Livce. WE hftve Thew TO TAKE 


We timitT AS Nam oF C1F+ CO)” TiS has BEEN ESTAbDUShED 


To be N 
. cy ee 
dm (l*n) 2 ¢ 

Thus if x=¢0 ‘ 9 1.8 
Lim © + 5) =e =R 


N 7300 
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_ <i @ 
To ANSWEr The QuesnoN ANOTHER way if R® =(F‘) 

wheT is F 2 we Know WAT RE RF = | bY The rue 

for TAKENG COMPLEX CONJUGATES. TREN 17 MUST be True ThAT 


Cage) 2 


or {f° 
Ft 


Thu s For This TO Ord Fo F ® SO F MUST bé REAL. 


Ir TUCNS ouT ThAT F = 2.72 __. 


Tne FACT TWAT . 
eose +esmes e°? 

Is ONG OF The MOST REMATKARLE EQUATIONS IN ALL ot 
MAThEe MANCS - IT IS NOT The MosT CEMATKAbDLE EQUATION. IT 
IS TRIS EQUATIONS ThaT TUINS A bat INTO A MAN. A STUdENT 
INTO A MATREMATICAN. IT IS Pee A very dELIGKTAIL The, 
BuT The most femarKkAble formulA IN ALL of MAThEMANCS -¢ 
by f& SomMEWhAT SubvEcTve EVALUATION ) 15 


1 
ee tt =o Feynman loved this equation 


TWis EQUANON CONTHINS ALL Tne ESSENTIAL ACTIONS of 
MATHEMATICS PLUS ALL The KEY S¥mbols 6,0, et), And 
Tne EQUALITY Slow. The OPEMNONS INVOLVEd ARE AddiITNIN 
MULTVPLUCATION AND TAKING EXPONEWENTIALS IT  iNvdLvVES 
NOT ONLY FEAL NYMbErTS beT IMAGINATY NUMbER, IN ENGLISH 


This SAYS THAT ef" = =]. This AS A curious $acT 
bec AUSE IT CAN bE INTETPErTéd AS SAYING 
rie ¢ 
(e") =-1 or (23) #-] 
Simicarly e* = +) oR Tat ( 846)) % +1. Thus ThE 


i? wee'Power of i irrAMONnAL NUMbersS can Produce reac 


NUmbERS — A Most curious FAcT of COMPLEX Numbers | 
| Should POINT OUT TWAT -/; = S4e! 


Why would the ith root of 1 produce 5462? Maybe this is the right answer 
instead of "42" as suggested in the Hitchhiker's Guide to the Galaxy! 
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The GEwerAlL FotmutrA FOR TAKING ThE COMPLEX 
Power OF A COMPLEX NUMbER 15 


z 
' 7 where 2,2 Gtbd apd 4r.= erde 
: C+de - eco - 
4 Zz, Ae” Then (re‘?) 9 es ner se Py c dod 
NES RPS TP ece dc .- Od 
ne re 


Now This formutA iS ALMOST UNdersTANdAbLE ExcerT WHAT 
dees rn? mean? nm is JusT A LEnGTR Therefore 1 have 
nd = (ns) = (re number) raser to 12 Power. If | 
Ler riz e* where tidtun Then (et)! = e'7 = costtiomt, 
As Aw EXAMPLE Fino eee AccordincG TO The formurca 


sae : et in 2 eo ei Cdn 4 2C% vanm)y 
2 et Lo- éd"et2nr)] 7 el tani 


LoGAriThms of COMPLEX NUMbER 


Wwe NEXT WANT TD CONSIAER TRHKING The LoGartiihn 
of A comeLex Number 3.2, An carbs). To find oof what 
This 1s LETS define 

n(atbe):x+e7 
MEN Mis ts CQoivALEWT To 


X4eY ev 
atrtib= e = e*e 


e” (cosy tidu%) 
Now we hKAVE TWO EQuUATMONS TO SOLVE 

a: e* cos’ 

b = e* SINY 
From Which WE ObTHIN fat+b se” aay Ler fa*+b*) 


And YY = 6/a. Thos we have 


An (arbi) = dn fart + ¢ tan’ %/a 
or iw POLAT MoTYMAON 
An (ne?) = ban +68 
SINCE QO CAN be ANY VALUE CEAch DIfferING by 2), A ComPLex 
NUMbER HAS INFNITELY MANY LootrtITHMS difterine from ech 
OMER bY MoLTiPLes oF 2H. 
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ON €xXTrA Treat of TAKING The LOG of COMPLEX 
Mombers 1S TWAT we CAw Now TAKE The LOG of A 
NeGaTive Number, bg 


An (1) 2 et 
The Ln of 2 CAN be Found SIMPLY SINCE 


Ani) = tedou tetas Jo = fno + itm'® = 
une 


" 


TTiIGoNOMETKIC FUNCNONS of COMPLEY NUMbERS 


Lel‘s Puorsve The tdeh of CN’s further Anid SEE 
\f WE CAN GIVE MEAVING TO TRE SYMbOES SINC2743¢) 
Or GENETALLY SINE where 4 tS Awt cOMPLEK NUMDHDER. 
Suppose we JVST Took for fAITH ThaAT 

e‘? = cOSE + ¢SimMz 
where =~ MAY be comPlex or reAL, Then WE CAN Solve 
Sor SiINt ANd cose To GET 
Sia. SS. ee ee pid cos2: e * +e '* 
Zi a 

The inverse Trio funcnowS caw ALSo be dehned If 


w:coSt The @ = cos W 
Linan€S¢ torn The SINE. SUppose WE WANT The INUErSE 
TANGENT | he. 


Wi = tan” zt 
WHICh IMPLIES 
Zt tan W 
SUYesnTuTine for THcaT 
tw =e | 
+ = le “ae 
icei™ ee) 
CoLLECTING Terms 
k zw ecw zw ‘ new 
a Ce — w3¢€ +1) ze - | -> }+e% =z=e€ 
etw iy [-¢2? 
. 142 -1 
Then TAKENG Loos we tb hn sie) = TAN 2 


ExPonenTIALS Are feAlLy SINGS ANd COSINES ANd IN The complex 
NumbeR SYSTEM ThEY ARE Tied CLOSELY TOCEThHER. 
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LETS Go bck ANA THKE A CLOSER LOOK AT 
COS CXT6Y), EXPANKIING ooT WE CET 


eck ee) ~UCK4C7 a ee Ce 
( &xX t ~CxX 
+€ e e +e t e 


Coscxtey) +e 
u 
ya 


af eNCeosx téawix) + e% (cosy -camx) | 


et ia i Y = 
tO jeosx 4+ é(e -eé )simx 
rx 


et 


1 


ul 


IT 1S SOMETIMES CONVENIENT TO DEetine The NEw functions 


Z y -Y 
SsinhY = e° aes ANd CoshY = € +€ 


——_—— 


a z 


Which Are cALLEd hy Per boric FUNCTIONS. They CAN 
ActerwAtrety be detined = A 


cosh { = coscit) SINhY= -esin 2? 
The cosh? Axed inh’ have The Property WaT 


Cosh’ y * - sinh’y = | 


4 


Mis 1S of 
Where 
z 


FIND — ( ) +0) = 2 
Mme form 
Pee ae : a 2°) C4d¢ 
\ bz 1 cz deed fez 4. O= Ny 
: en of es = (8 ef Maye Qn ge wate 


= Tz (cos Ty +e San Tq | ( ria eM) 


: 3 
S fe ON) Coos ee Syn rq) (2) 


dé de 
Gh} = ft = cost +¢sint where tzdtnn 
t> -) Io so aT FR = CoS (“dn th aim(-dnhe) 
+My teng | 
a ea | cos tyy + cosc-An hk) + i (Sim ™y + 0 im (- nfs) | 
We 
a . (44 Unt 


a eos(Miy - Ln) tec pun Ny- Av fi) i 
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Con 
TOUR INTEGRATION 


43 


FUNCTIONS of Aa COMPLEX VARIABLE 


1) Now LCIKE TO TALK Abovt A more CEwEerAL SUbDVECT 
Thar of Tne Praperries of Furcrnons which 
VAR AbLES. | will deAlL WImW fncnows of The TYPE 


ws £02) where & find Ww fre boTR COmMpLEex Numbers(C.ud 
AN EXAMPLE MIGHT be 


CONTYNN COMPLEX 


w= 2* E= X+tcyY 
ThEN w= Utiy a8 describable iN TECMS Of XK Ard Y 
Since Ere ext-gt) + ™WXY , Then we hfve WAT 


u> X*> +¥*% Ad Vez Uy 


Another €xamere of we Flz) 15 
! 


— 


bre? 


Avd to TiNd U fNd V1 wawe TO rewrite w AS 


\ ' (i-?) - ex 
We Bo gn : ius ee 
b+e(x +c¥) (I -¥)+ex Ci-yp* +x 
or Uz 1-7 And V= - X 
Cir ety exh Ci-9) +x 


You S€E TWEEN ThaT @& comple NUMbEer of A comMPLeEX 
foncTON 1S A fNcTION Of 2 TeAl UATIADLES. 


iT 4S hard to Pcror WwW beEecAuse for 
which regowwes CG FEAL VATIAbLES TO 
Afe L Yel VAN ADLES 


Every &€ 
LO cATE IT Wert 


IN The W PLANE. Thos we have 
A four dimensiowal MAPPING. 


Anmomer ExamPpre of We fct) 18 The functow 


we @2* where we wAsT Me comPlex conJUGATE Of 2. 


& ; 
Thus Utevioz Cx¢eY) = X-¢Y 
u =x wd VT MY 
One more EX AMPLE » We ae 7 er tr 


We: e* Cosy +6 Owy) 
U= e* cosy v = e* siny 
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So FAR WE hAvern'T SMD Too MucH ffbouT The GENERAL 


Properties Of A COMPLEX FfuUNCDON. There 1S A Difference 


berwetn cerTRn fPNCONS ANA The difference hAS TO do with 


wherherR the FONCNON IS ANALYTIC or NOT. AWN ANALYTIC 
SANCRON HAS Tre ProPperTY That IT CAM be differeenften. 
ThhT MEANS THAT U AND Vo ATE MOT ARbDITTATY ANd hfive 


A SPECIAL PrePperTY WAT Trev Come from The SAME fKCHON. 


Some TONXNONS fire woT ANALYTIC. FoR wsmwce whAT 
IS Tne dériv aAnNve of ea 2 where & Denote TAKING 
ThE COMPLEX CONJUGATE. How do Pou differewnme AN 


oPerAmon LIKE THAT”? SomeThinoe NST bE The MATTER. 
LeT'S Detine Whe Derivanvue AS 


Fict) = Awe f (eraz) - fz) 
43 “2 Oo Ay 
fwd Now TY The tuwcron 2¥, 
j 62) = Z¥ - xe” > (x-¢y) 


ee q'tz) ae Cerazy™ -z* 
_ 4370 Az 
where A = Ax-t dX, Thus 
ey = Ann (B® 2 fin Ax = cay 
d Ajvo At axiidy Ax + Cay 


-—7 9d 
This Limit DePeErds ON Te rATio of AX/ay. IT IS EITNGER 
ti oR -[ . Twerefore The limit DeperdS on HOW The O 
iS APPROACHED. Ay AWALITIC SoncTrion IS DEHNEd IN The 


Limit AS Ay 20 From fwy DIRECTION , Ee. iF rao 
The f' = =3 or 


Ma CF ETAZIE- 35 © Ra 25 AB 
43-0 ~ ay i ra 


IN order for @ fumcnon TO be AwALYNe IT MUST 
SATISTY A CRITERION cAbLEd The Chuchy- Riemann: CriTERif. 
Let'S DETIVE ThE CriTERIA for welt) where The 
reAL fed IMAGINErY PATTS of W ATE GIVEN be UWF 
ULX,%) ANd V= VCX,%) RESPECTIVELY. 


= 3 


YS 


ExpfArd 16 ovT The DERIVATIVE 


£'cz) = Am W 143) - 63) 
Ax t6AY 70 Aj 
= fom Lecaran, pray) +e vertds, etay)] — Lene) sever ri] 
Ax +¢ Ay 
= Ax %y + ay May + 69% Ax 4.09%, AY 
Ax+cay 
me differesnaAr coctientS MUST be EXACTLY EQUAL 
When AY=>O AWd AX => Oo ANd vice VErSA. TWO EQUATIONS 
Vv 
EVOLV & > Ww .,iav Avda ¥'C%) = -6 = +d 
F'Ce) o4 7 ax (S 4) 
For Tnesé TO be EQUAL WE MUST REQUIRE 
av. av Avd YY --9¥ 
ox 24 3x Fi 
Thus Aw ANALYTIC funcNON MST Obey TWESEE EQUATION. 


Now To Tre domb PhYsiciSTS Who DOESN'T Give A 
dAMW fibouT AlL THiS MATHEMATICS he MAY come Atross 
Tnese PWAWITIC CriTeTiRS yp A Problem ThaT REQUIRES 


SOLVING fF DISFERENTIAL CQOVATIONW. His Probtem may hfve 
The Property WaT 


av = ov fwd gv. = _~ dV 
ox oy ox oy 
TWIS 16 ACTUALLY fe FAIRLY COMMON condiToN sSor if | 
pifferevtmpTe ACMN Ard ELIMINATE V1 hAYE ThaAT U 
SaATISH ES gtu < atu 
ox r) 
TWIS IS The TWo biImMerSIONAL 
DmMeVSiows it would bE 
a a +0, >O 
ox* 2 
It The PrObLEM DOES NOT Dae ON 3 THEN ThE SdLUNO: 
ISNOT Too diifiwur To obtain. 


> oO 


LAPLACIAN EQ VATION. IN Three 


he Cduch’ -RiemAaw Criterif 
CEOMETNIGML SIGNIFCANCE. 
0 the denuvanve 


hAS AN INTEFESTING 


if B® Mitppine IS Made frbouT 


of Tre Awcnow is shrunk in MAGNITVdEed 
And POTATEd Jhroveh SomME ANELE 
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COMPLEY INTE Gr ATION 


Now \'d LIKE TO DiScuss INTECFATION IN The 


COMPLEX PLANE. SYppes]e lwmt To Go 
trom 1 TO 2. ONE WAY 15 TO GO ffLONG 


THKING Very SMALL STEPS | 1é. w 
L 
j fcay dz = & F 2c) nz; 
We would wviTe Tis AS 3 


g LU exeye) + Ovex eJIL Axe thar 


Where IN The INTEGTAL Wwe World THKE The rete 
PATS, \-t. 1 
‘. Udy -vdy 


Now wWhWAT DETEMINES The RELATIVE SIZE OF dx fad 
d¥2 ONLY The cuRVE. IF Tne wteorAnon iS MADE 


over A-DifferenT Ph (hen We AnSwer wovld ont? 


Depend ON THE END POINTS , F(3,) ~FC3.). This is A 
consequence of F beiwe ANALYTIC. 


If we now NAVE TWO SEPARATE PATHS BETwWED 
POWTS ItWd © They Should Give’ Twe SAme AvnSwer 


r 4 z 
= O jr \ = au 
y Cc, \ Cr Ne a C2 - 
Thus TRE ISTEGrTAL ATOUNd A CLOSEd 


PA™H 1S O. ae >O. This 


IS A Very IMpO T RESULT TO The PhYSLLISTS , 


Ah more GEveral RESULT 1S 
§ acx,y) dx tdcx,y) dr = fe ok - % 4b ) di dy 
areA 


This iS CALLED STOKES. LAW. ANY ExAmpLe IS 
phedk +Fydy = (0 (a8 oe Gy) aedy 


Carte F 


a7 


au 


LET'S TY Y SOME PFObDLEMS INVOLVING ComPLEX 
INTEGY ATION. 


LéT We 5° U= x*-¥* And Vir? 
t | 
\ Udx-vdy = \ (u-v)dx = (, ~extdx - £ w 
‘ ° 3 
Now vet's TYY Wwe: Yet And INTECTATE J 


FroouT f& Circle 


dt - Xdx +Y¥dy 
ye > tree } 
= (|p 


siwce We be AY ye yet 
Xe Kz+yt yee ea x+y 
if we ChANCE VimiftbLES Te ProbeemM witt 


Be ALITTLE tASiefT, Trav IS) Cet = ae’? 
Avs & ComsTawT Pftdivs Avd GO IS Ufifrhole. We hrve 
Then dy = tae’*de And 
. e 2 ( Jae’ de = bide = ome 

ae 
NoTé MiS CESOLT 1S INd eELT Of The rAdILS. This 
RESULT 1S VETY IMPorTANT. Ir SAYS If The InTEGrAL 
conTmUS A SINGULATITY The VALVE Of The INTEGLAL 
iS zit. If Twere Are no SinGuclérityes TheWw The 
Closed INTEGYAL 138 O. 


‘ cz 2 Amy. -4n3, = NUK ev 


Where N TELLS how MANY THES YOU GO. found. 


LeT'S TYY 8 dz . lLeMnNe Fe ae? 
oo 
dz - ra eae L t 
—e pa ee = a es N = 


TAYS t“dt =O for n= inTecer 
=o SS 
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LeTS Teo ONE MORE PRObLEM 


ie \ _dk a dz 
Line 
IM. -L tote 
Leos 
Wk +l 


i 


O 


$x \ + \ 
re VRC) 


WE ONLY HVE TO Work OVT The SEM CIrclé TO 
©eT EL. Ths 


. x3) ‘ de ‘@ 

) fb ee 10 e ele do =o! 
pple e . 

whit WENT wyvone ! Well At gre The Sunctnow 1S 

Not ANALYHc. THUS WE NEED ThE INTEGTAL Around gee 


a dt’ =. | we =r 
T* “So, 


Vez i 
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NUMERICAL IMTEGCATION 


TRAPEZOIDAL ANd SIMPSON RYLE 


Suppose we weed The vate 


of the INTEGrAL of 
The foncTneNn a, from co. to 1. OOF «course we Shovld ALL 
t+x 
' 2 too - vw 
be AbLE TO diRECTL? INTE GrATE ( axe 7 FORAY CERN “oie 
Bur suppose we WETEN'T SO SMALL And We 


don'T ANow how 
WAY? 1S 


INTEGVATE whaT do we do? Well, one 


TO Break UP 


,SAY, 4 EQUAL PATTS  Anel EYALLATE The FUNCTION 
hoes ATO EAH POINT 


The ISTECUAL INTO 
Sox) > 


X F tx) 

fo) 1.0 

14 941 

Y2 .80 

34 64 | 
| “ 


The traPpezomAL rule TELLS US THAT The fren, undef The 
curve IS EQLAL TO 


Az Al $50) + Fei) + FOr) + $04) + tn fev] 
where ht = INTErUAL width 


A= Va Lind) + .99 +.8 4+ .64 + Ye (2) | 
= .7828 
Since To EXACT fvsweR 15 


189534 The TrAPERZOIDAL RULE 
iS poT so BAd. IT 15 


iN Error be CESS Than 2 °%o. 


There (S PNOTNER HEeTnod ‘for EVALUATING The fREA Under 


The iwteorAL ANd THAT INu0LUE The SIMPSON RULE, The simpson 
YULE MAKES VSE OF ThE GENEFAL SormuLA 


ae 


— 


For The example Above 


[ b4coy 470 , 2FC2) , 4 F037, 2464) 4 fs), §§C0/ 


As = Lin + 4x94) + 2x1BO + 4K.64 + ix-5 | = «78533 


§90 


The fesutT is 


AHAS INGLY AccUrATE. IT 
} PACT IN 


A hund ted ThouSfApd. Wis IS SensAMonAle AccuRACY 
Sor OMLY S POINTS INCREMENT, Simpsoy’s 
Rute is VETY Powerht Awd Shoutd be uUSed for Most 
CALCULATIONS Bimich até DifficviT FO 
Which CEQuirte AccUrACyY, 


tS in erfor bY ONLY 


SPACED Every .2zS 


INTEGFATE ANd YET 


As ANoTner EXAMPLE tind 
% Ancitx) dx = A 


1+ x* 
Let = Yq 
aor itt x 1+x* Rn (1 +x) An Cit+x) 
+ 7 
fe) re) re) ha .000 
14 74 18648 20.198 198 
Yo -80 .4054947 205097 1.olq 
4/4 64 . $3357 ,0,.832 3, 228 
# | . 385 
i ig - 69315 P3865 bee 
6.419 
A= 1 cCeurd)= .£35 


[e 


in This enfimP le | hve Shown Thfi INST 
A hffed TNCTION IT 


VALVES bY 


of TYING TO INTEOrATE 
IS much GHSICR to JusT work ouT Some 


hand When oS¢ SIMPSONS COLE TO GET The ANS WER 
To high ACCUFACY, Simpson's 


APPLICATIONS Where 
desired. 


TULE WILL work Jor ALMOST AlL 
Accuracy Less Thaw | PAarT iw 10° 1S 

IT Witt NOT Work when Wee INTEGrANd has A 
Pole or When The INTEC TATION LimiT PODUCES 


INFINITY, hé 
. A One Tick, Around Tis Problem 
rx dx. 


tS To Pertorm A 


Per TUPDATION AWALYSIS About The TYOVDLE POINT. IN The cASE of 
( z 
cosh xz dx 


we hAve Trovbl© AT xel. So LéT 
{i-x* 195 Deed 
X= 1-€ Ard we hve \. cosh Gr fe cash C1-€)% 
i Ci~e)™ ie fie 
to firsT order we have ee a fv I~ €/r 
fz je “Ont ods 
fe 


For gccurAcy Purposes 


THe Error iN The SIMBON rule 
resu_T IS GIVEN db? 


Se Be? ECR) 
180 


5l 


More ON ME SIMPSON RuLE 


ConsideR The INTEGTAL 


e ee. dx 
fe] 


whar 1S ITS VALVES WELL, APPLYING 


SPePs OF | Wwe wWwovld hAVE AN fren Which Depends 
on The VALVE OF A 4¢, 


SIMPSONS YTvle IN 


io -a ‘ 2 
Ni Ca) al I t+ 4e ees’ yide ges | 


WetL, HE INTEGFAL 1S QuITE EAS? TO EVALYATE ANd 1s YusT Yq 
Thus We WAVE THAT NCA) = Va = 


The series cAN be werilten AS 


a ee: se = 


+ 2 @€ 
j-e7** Les | 


vAWe oF The 


U3 Lit 4e* +re 4 qe ye. J 


nave EVALUATED The 


INTEGTAL’ for uArious 
VALUES of QA usiPG INAddITION The TYAPEZOIDAL Puce for 
Comp frriSoNn, 

a Q NCa) G& CN Ca) 
TYAPETVIDAL Simpson 
€ It Er i+ Ne, 
io 1. OUI 1, 000 39 
609315 1. 040 1. 0012 
| .00 }.082 ). 0049 
1.3863 . Ss hole? 
L. 3025 13407 1.093 
Note for Q = .693) 1386 Amd 2.30 The Funcnon IS droppinc 
pown bY A factor of 2,4 And 10 respecTuEly IN ONE 
@ or 2.72. IT (tS iINcredi bLE TWAT The SIMPSON TUE 
PRESETVES WiGhe AccuRACY EUEN TO A= 1.3863 


Se 


DIFFERENTIAL OPERATOR D 


For R€ffSons Which ARE NoT APPARENT I'd LIKE TO TALK 
About The piffererNAL OPErATOR ,D _ fwd SdmE of ITS Properties. 
ComsideR Tre Ffuwmcnonw 0x) fd TS denuanve f'Cx) , Then 
§*CK) = A fox) = DF). D has many proPernes which 
Permit 9X irs MmMiPOLATON AS AN ALGEbrAIC SPMbOL, 
For ©€x AMPLE SDD ftx) = f"(x) = DrFCx), Also 


(i+ep +O )FCK) = Fex) + UF'Cx) FINCK) 
CitrDdyt QW 


Now LeTS ASK whaT 4 AND {5 MEAN. WE MAY Guess 
TWAT Vy 1S PetAtTed TO INTEGr ATION ANd TWAT 


ea EX The consmmT of INTEGrATION 
De ) + Cc C ous Not def wed. 


IN OMET WordS If D" OPETATES ON F(X) Then IT Produces 
Fix), Jo Prove Tis MutTiPLy Throvorh bY D 1é, 
DC fos) = DFC) = 4H) 
The Sguave reoT operaATor IS Defined AS 
Jo Lito Few] = F(x) 
The operATor e*° 1s ONE of PARTICULAR IMPORTANCE 
ANd 1S Dehned TD bE 
e*? fox) = 4$¢x+0) 
e*? is) ThuS CALLED A TYANSLATOR SINCE IT Moves X to 
XtQ. The €xPONENTIAL OPETATOR WAS Tre ProPErTyY THAT 
ePD QA 2 OAD 7. prove This 
|r? efor) = QiAthD foxy 
e>© F¢Cxta) = FCxKtbrta) 
@ FfCxtath) = +Cx+bta) 


LeT's DifFEerawTiAL Wilh ESPECT to & 
D2 d D e* Sexy = F'CxXt4Q) 
a 


oa \ e° £cx] 
a (Ffcxtaj)) = F'Cxta) 


33. 


The operANoNn 


ad 
e £€ has MEANING when IT 1S exPAded 


ad 
er Fx) = Cltran+aro +a3d° ----) Ox) 
en 3! 
We chY VSE The DiffteresmAl To Derive ME SIMPSON RULE. 
let T (x) = je Fcxidx . We whint The § sree AL 
to egvAl The followiING 


At arth 
Toexrzh) 2 


2 Dex) + aftx) + bfcxrh) 4 cF(xezhk) + emer 
We Need TO HNMd O,b, awd C for This Te be TrUE. Thos 
we NEEd To EXP AWd T Cxtrvh) 


AS A Power Semmes IN te 
T (xrh) 


-Tox-h) = a $0x-A) 4+ bf) + CFUxth) +8 
Lox) +h0'exy the ptcay +h? DMCxy) - DCx-hb) 
v 3! 


u) 


Dh L'Cxy +2@hW IMcxy + chd Tex) + 
Ss} 


wes = Carb tc) FLX) 
le i 
C 
Now DT'Cx) = CX) EM Cx) 2 4"Cx) ere + Cha-he) f Cx) 
F$ MUST MATCH  Therctore ie SEK Ge £ 
hatha «asc 5! 
; h3 Pe & -h 
7 eee t 
. 4 
Thuy The PATErN [IS h O1,4)) 3 
3 
Using The DifierevnAL OPERATOR NoTATON we cAM 
work 00VT We AP ProxiMATON 
FCxthh) © ®FG-h) + BF (XY + CHCeth) +p (xteh) 
YehD -h h 
e- Se een ae de eae ZhD 


+ de 
EX PAndiING FS Power series ftNd MATCHING TERMS 
-¥ezhD Bah -¥ kD t+¥2hD 
}* ae Or eres cade. = 4ce 
ANd b=c 


2a cosh ( Hho) 


Qed 


+ tbcosh C /2 hd) 


4 2 
La 3 ho)” C 42 hD) + pp C¥ehD) 4 ¢ 
LI aS + SB | 26 a 
WE WANT 


rho)? 
“24 
CAtLO= | A? |-b 
2a Ye t2be Zo —> b= Vig a2 He 
FOXY = TF CK teh) + Me FOxthe) + He FCx-B) -— Fw -38) 


s4 


ee 


Rye) 


Propernies, WE 


-! 
oPér ATor D 


MoRE ON “Di FFERENTIAL OPERATORS 


We hhve Talked 


Now LET ME Show You 


work ING oN 


INTEGTAL §* gcwdu, 1é, 
D" gen 
Extending Tis iden fortrer 
1S Then “9 
“D qc* 
To Prove TWis 


CorrecTING TERMS 


Therefore we find 


AbovoT Tre DiffecrexTIAL 


hAve foncMo 


oper ATOR “D 
some of ITS INTEFESTNG 
q 6%) Then The INVErse 


IT with Propece The wdehwiie 


| = ‘a gc udu 


The Second INTEGKAL of ahead 


§ x Cx) geu) du 


WE cAwW INTEG TATE be PAFTS 


D* gcx) g ‘’ dk Vr goody 
du Vv 
- oV|* - j* adv 


Deg) = ‘a 


A SINGLE intecrAanon. Now 
Akd we GAY Show TAT 
DY gen) on 
fed WW GENETAL 
-nN 
D q‘*l om ae 


Th os 


he 


TESULT 1S) MOST 


USING TWiS frorHoLlA 


mew - J? vgcu)du 


(ge) CX-uv) du 


We chw PEerhrm A Dovhle iNTEGrATION by 


This tdi CAY bE GEewErhuited 


i cx-u) gcd do 


a \* cruy” ea de 


WE CAN GIVE 
Tre oPerANON D- 9 cx) he 


A MénMING TO 


p gtx) = ve ‘d cx-v) acu) du 


CONSTYNWT 


INTEQESTIN G. 


IN front B MAY NDOT bE 


t1GhT but The 
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SPeciAt Foxrcnon fowmeF worth KNowiwe 


Soppose vou had A Probiem whith wouotved The 


5 
FYNCTION Fcx) = i ie dy- Weil , you wonw'T cer fir 
? 
Try we Tr EvALUAT € This INdehwiTe mwWTecraAL. IF Yoo 
CA’ T INTEGRATE ITs whAT Do YOe do with 17% Nothing! 


Wet_, MoT QoiTE NOTHING. OThers hve Wied TD INTECYATE 

iT Ard Gone TT A clot of TrouUbtLe Domo SO. There ATE oTher 
fupcmonsS SimitAar TR ThE Above whith Aare dehned AS INTEeraAls 
Ard AS Such WAVE The Property of CArrYiNG The FYNCMOWM OoTSid€é 
of The NOCMAL CLASS of foN(TIOWS M12, EXPONENTIALS, LOG ATITHMS, 
TtiGonometric, find Tr ANSC Ew EAT AL FuNcTIONS. OMe iwtEecrATNon 
hAS Triss Propersy of TAKING A fNCNON OOD Of The NorMAl 
CLASS. DITFECTENTIATNION Witt POT DO This Trick. 


Some of These odd fyecnons have come up TEequarTLy 
SO PEOPLE hAvE GONE T AF LOT of Trd¥ublLE TO MAKE Up A 
sey of TRfbles Which AlidS IM TYUALYUATING ThE FfuncNoN. 
For exfAmpte FCX) 15 cALLEd The Error Fun cnlon of x 
fwd 1S DEHNEd AS 
2 
erfcx) = 2% Vr eo! de 
Ti Jo 
This POCNON FrequeEenTLy occurs Im PFObAbILIT? ThEory, ITS 
Old fashion TO LEATN About These ty ocows SINCE ANY ONE 
CAN look Trem OFPs however , iT 16 worthwhile To Kndw 
the behtwior of The wtecrat fr vinous varves of x. 


Seo teTs STUDY  Erfcx) fer LAatGe MWA SMALL UALVES 


of x. First for Smfir X we can expfnd The expon erTiAl 
fwd INTEGYATE Term bY Tern 


Evfcx) = ES \> [ea -%° 4 ) dy 
U 3 
A 


This APRPFOKIMATION Witt be vALID For SMALL ZX, 
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Now dor LAarce K The ArrroxiM ATION iS A LITJLE mMOre 


DifficulT bor we Procecd AS follows: 
co 


Erfcxj) = 2 m -% 9° 
2 S : 
FS 3 dy ‘: e d 


The AirsT Term iS dehwite AND EQveALS ~ Ey Then we have 


vo) 
erfcx) = 1-2 gor 
Ti x ¢ 
Now we hAvVE TO SOLVE THE JNTEGYAL, To Do ThAT We mAY 
i‘. is $F \ — GC 2 oF 
d(- et) 
INTEGVATING BY PARTS 7 


— 


x ee 
= ok ee ar ae) 


Now SINCE A 1S LATGE WE CAN APProxkimaTe X by VY And 
ExPfnd The ExpowenTiAl Aid INTESTATE Term bv Term, WE 


Bs 
Ux 


Sind WaT ; 
-X . wer 
enf(x) = }- 2 1 e Ce 
fT 2x eh Crx*) Cix7? 
AnNoTher WAY To Amtive AT This Poswer IS To LET Y= XH 
where YW is sMALL Thou EXP Awd e 6XTh) ,ie 
: a 
am  - (xtn)? QD -X --xH -7% 
erfox) > 1- & | e d ee eo 
RY. n Pe. oS. G dn 
DRopping Terms IN Wt for HrstT frepeoximANonNs we 
Ch INTESTATE S ~ e™™dy = 1 so To first order 
x UK 
-x* 
€ t hioher order TErMs, 


a ~ Be ot 
erf(a) be ey 

The seri€éS which we have JUST WritTTEeN INVOLVES 
SacrriAls iW Whe Nomeratroar fda Therefore The series iS 
ULTIMATELY DiverRGiNe. Thus we MAY Dene ThE DIVETEING 


series AS hAVING The VALUE 4a [1 ss erfcx) [= (peas, <p Se a we 
2 axt Cox)? 


57 


A vec’ wteresnwse ProPEertTy of The series For LtArGEe Xx 
iS THAT POU CAN GET AWAY WITh A Good APPCOKIMATION by 
RETMNING ONLY The Hest few Terms, However, ULMMATELY 
The series witk Diverce boT YOU Witt hye ThE CighT foswer 
Jo A PEMDOWALLE ACcLrACY. The Error IN ThE FESOLT 15 
of TRE order of The LAST TERM CETHINS. For exfmPle if 
X¥ 7% Jroew Tne Series i$ 


oa: So. ee SSeS 3°S5°7 ae 
| 8 t a4 “ee + sar + 


if ony 3 Terms fre KEPT The ANSwer 18 Good To fibout 
So. |f x21 The error is Quire tarce of The order 1 iSécf 
$0 X mst be create THAT AT CLEMST 2 tor The APP CoKIMATOW 
To work. 


As A Problem  svuPPose yow wANTEd The Foncnon 


Gwen bY he INTESKAL ic erfcoyydy . This is NoT 


THbOLATED SO POU hfhve TO Do Some Work. If we SubspwiTeE 
for erfcy) we have We double InTeGrATiOn 


,. ve Ey dudy 


Le} 
Now we wnt TO rEvtrse The order of inTearfATMoN., 10 doThis 
ivy iS worWwhilLée wD Drtw A PICTURE 
We wit) me crossed hATCH AREA INTEGrATING 


ae epee 8 
“& 
: i e@ dy du 


= ve Cx-U) e- du 


eet ag -Jve” du 


with respect To Y FivST, 


Jo 4h en dody 


4a 


° 
= 


erjcy) dy = xe CrfCx) + 4 (e" “a ) 


° 
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eae 


AmoTheR problem worth SOLVING IS The INTEGIAL 
Oo) : - © c 2 zu 
“xt tw -¢x- ‘%) ~w/4 


to 8) 


if we eT P= X~ CW The INTEGFAL Becomes 
a 
~wy OO +6 wr ~yr 
ae Ee ee dy 
—-& +6 Wy 
The cw ow The =INTEGTATION LIMITS CAM bE IGNORED 
$0 We hie TWAT 


Oo xt ¢ -wly, 
ede es Gee 


We find ThaAT INTEorAL of The GAUSSIAN IS AN Error foncnon. 
As &) €xercsé€ Prove 2 , 

ee) ~ ¢x-x') rae 
ee eS 


x 
e Ar +h* 


u 


is = 
Vatt+be 
A number of Phrsitht PhenomepA |NUDLUE INTEGTFALS 


of Me Above THRE. The Theory of heat trawSteR SES 
The Above INTEGrALS IN SOWING The Ditterewnal EG VATION 


OF ot 
ot ox* 
The SOLUTION Ty This EQvuATION 15 4, 
~ (x-k') 
"y = —, CC 4t 


Vaart 


fw iMPorTAT property of The difteresmel EQuATON resoLTs 
if € — O7. IN Tis cASE “TJ The Temperature APPROACHES 
The detm fwcenon’ SCx'), Therefore if at t=0, 7 

iS described by ¥ cx) AT ANY LATER Time tC The TEMPErATURE 
T (x,t) 18 GIVEN bY - . 


Lalas ; 
T (x,t) = = | e “4t  $cx') dx 


{4nt 


This 1S A VET imMpOrTANT RESULT TO ALL of MATH Physics 
Awd IT 1s worth Undersittiding ITS MEANING. 


$9 


RELATED JO The ERROR FUNCTION Are SEvErAL Other 
SPECIAL FON CTONS EWCOUNTETEd IN PHYSICS; 
x ye x 
f e* dy 5 cosy‘d \ on * dy 
° r Je qd “d 
The tAST Two Are called fresnel iNTEGTALS ANd ATE 
ENCOUNTETEd IN OPTICS IN diffrACTION Theory}. 


To s€€ how We Fresnel INTEGrFALS EVOLVE Ane 
Are vsefve consid€r A SINGLE SLIT or Knite Eedoe 
\LLUMINATEd bY AY - intnite Source. We Shddow cAST 
bY The SUIT IS NOT AS ExPEcTEed by Fates off IN 
AN osci LL ATORY FAGHION WITH Some LIGhT FALLING INSidEé 


Mme suit 


Exrected Shadow Liw 
ss € 


(O- Source 
5 TAL LIGHT INTENSITY 


In order T And Tre LiohT INTENSITY AT A DISTAWT PdIAT 
X on A gortace R Feet from The Knife We must use 
HY bGew’s PewncPLreg Which requires uS TP Add ALL Wwe 
fMmpLiIWdeS of Tre iIncremauTAL ELEecTric flelds INCideNT ON X, 
Thys we NAVE TWAT 


A(t, x) = \ wos[ wlt- As) { dy 


u 
Tee diotiwce be = AR4C4-x)?> Wa 1S) AP POX MATELY = R°4 Lexy) 
such TWAT 2 


A (t,x) = a \ cos] wlt~R/<) + LAR id 
zi 


Where = We > oUt. = WAVE NUMbER. 
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Wrilino im exponenNAl form . 


ee ome cw (t-%c) +o, exe) d 


¢ ~ ad che Cx- : 
a te eee dy 
The %IWTEeErAL chm bE WwrilTev IN The fotlowin & orn 
- Cwlt- %) x wow _ 2 
Ava) = TRY (Meaagtay «of “oats 
ee” PGP 2 8 
Cc S 


Where 3 ca es oe { 


The lLiGhT INTEMSITY IS Givew bY The sovAte ot The 
AMPrivde ANd WE CAN write 


T= \AV = A Totes’ 


we ch find TL for Larce UmuEs of X since 


C= ve GOs a4 : Me OSes ae 
Zz 
Sim carey SS see W/Z Th EN 
ee ade ee? 
2 [ch +s*| 
where fo) 


Cs ie ow cosg'da ie cass * J 3 


a L ig boats 
0° \. [Fax Le) 33 7 i oe 33 
Where § = x1 hie 
\f We WANT TO Krow Tre behMIOr of The LIB AT 


INTENSITY IWside The EdGe fe. for § 40 we want Pr 
EvAVATE 


f°) {zt 


ee Coagid3 or ve e‘? da = \ eo? 3 da 
SP CO ee ae 
gOS } ae 3 9 


$1 


6| 


if we 


Look JUST AT Tre First Term WE CAw GET AW 
ide of how The inTewsiTy faeces off. 
AboUT EQVAL To 


¢ 


NloTe That 
eisiy 4 d 
Le e o arder aA 
2isl 3 
The rE CO 
cefo \ es 3 cla a wees 161" 
is] _— 
235] 
Sq : > 2 
5 Aan da 2 cos 131 
I3/ zisl 
Addine MWe SQoftres To ANd Re INTENSITP WE hind 
roPorTiION A | 
W us or L To Jans? THAT 4S 
AS /s* Goins iw trom The “ede. 
On he ofkKBR Hand for LAatoce 
Mme EdGE WE hAvVE ThaT 


a 


-3 z 

~ eas oN COS3 d3 

= ee he 
irs) fz 
io omg dy 


Z1sf 

~ si e (COS 1S 
SQUITING = fwd Add inG@ we find mre 7/3! 
PYOPOCDINAL To 


In TEDSITT 
cos 18\" 


+ pmisgl™ 

5 
This describes AN pdSciLLWTOr? wrensiTP FALLING off 
As ‘ls, The oScill ATows, fre AbovT SOME MEM VALUE 
ProporNowAlL TD The iwinAt INTENSITY, 
There 1S) AW INTESESTING ProPErTTY of The Fres nec 
INTeoraALS If We LET 

X= CCS) ANd ¥ 
fwd PLOT Cg) vs SCS) 
WE GET A 


~ 


Scg/ 


WITR 3 AS A VAI ADLE. 
Corve wHiIch LOOKS LIKE The Foll Owing 


6c 


iT Fruls off 


VALVE OF § from 


This corvé tS CAlLed A COTNU SPITAL. The curve h4 SS 
SOME INTERESTING ProrertTHsS. Note ThaT 


dx = cosgtds dy =singt dg 


ds = fdxttdpt = dg 


THiS mMesNS Th&T § 1S fuAriAbLe Of LENGTh ALONG 
The curve. The corve iS LAYEd OUT IN EQUAL UNITS oF 
gio. The srtope of The Curve ,s GIVEN bY 


d¥ = TANO = tan s* 
dx 
OR QO: ee 
ThuS We curve hAS WE VERY UNIQUE Pre<cRrTY? ThaT 
Yor Ke@ TOCNINO AT A RATE GPVAL TO The SQUARE 
ot $. 


The DiSTANCE between SPIRAL CENTERS IS The Ampiitnde 
of LichT Thus The oriGiN CorresPonds to The Knife EdG, 
The aistTawce from 0 to 1 1s Ih AS fd The intensity 1S 44 Ty, 


As The LéewoTh AAC chinces or The SPITAL UNWId& IT OSCILLATES 
AbovT Be certer. 


More SPecnAL FUNCTIONS 


EXPONENTIAL INTEGrALs 


We hfve been dixussine some of The specif fu ncTIONS 
Which You MAY come ACROSS IN YouR WORK, TodAt I'd Like 
To START wiTw Thé FUNCTION Defined bY? The INTEGFAL 


t 


This indefinite wwteerAaL of X IS CALLED The EXP INVERSE 
EXPONENTIAL ISTEGTAL, For Some STUPID REASON he EXPONENTIAL 
INTEGrAL IS Déetined AS 


°° -t 

| 688 See 
° t 

TwEé IwTEGTAL CAN bE EXPRESSED AS A SINE ANd COSINE 

FUNCNON AS 


9% 
Crixye = \ “SBE SE 
t 
x 
SccxK) = ‘- sint dt 
t 


Now There are TAbLES of The INTEGTALS GIVEN for VARIOUS 
VALVES of x. You Should wot Go To ThE Trouble of TINY 
To work Them ovl. IT 15) ONLY ImMporTAYT TO RECOGNIZE WhEN 
You have REAChEd This POINT IN SOLVING The Problem so you 
CAN G@o TO The THbLES. 


WhiLE 7 IS WwASTETUL To TrY TO IWTEGrATE TheSE 
fUNCNONS, IT 1S UsefeL To. INVESTIGATE The bEhAVIOR FoR 
SMALL ANd LARGE VALUES of X. Therefre we woll first 
Look AT WhaAT haApperSs AS xX -—0, WE MEepLtAcEe xX bY E IM 
The iwteerAl ANd ASK whaT 15 The PropEeRTY of 


De). Soe de 
t 


To Proceed Wwe witlt add ANd SobtTrAcT AN INTEGFAL 
Which hAS The SAME pbeEehAvior IN Whee LimiT AS © > O. 


» bY 


4 
Au INTEGYAL which cAN bE Used 1S i dt which 1S 
ée t 
VALiad for SMALL E. This IXTEGrAL 1S defimire AN HAS The 
vaive - 2ne. Thus we can write 
G0 -t 
T: e dt 


po eee ad Ane 
€ t e t 


The ISTEGKALS CAN bE COMbINEd INTO The foLLowineo torn 


® —_-t ' 
Tce) = | Cc dt + \ (e"*-1) dt 2 iw 
pane 


; t 
t 

If we pow RE PLACE E bY O The INTEGrALs ARE definite 
And hAVE A FNiITE VALVE Which ig —.S772. THIS ember is 
déhwed To bE C, EVLER’S NUMbER. Thus we have Then 

oe o -t 

Ce) -= e 2 

) Ve a dt = - .5772- Ane = — dn(.781€) 


ThE («NTEGFAL 1S LooAriThMmic diveRGENT ANd AT A CATE Which 
dePends oN The VALLE of €E. 


The Cicxy ANd Sicx) fowcnows Are NecesSArILY 
LocAriThmicAl ly divéerceuytT for gmALL X Pid hAve The LIMITING 
behavior for SMALL X OF 


Cet) Jn C1781 X) 


Ny 


for SMALL X 


a 


Si Cx) x 


Euter'S ConsTANT C ig defined by The INTGGrAL 
C= \o e* hax dx = .5772 


or IN SERIES NM OTANON 
C= Lm [tg genet - Ann | 
nN -7200 


ThERE ARE SEVERAL SIWER PROPERTIES of The Ex PONENTIAL 
FUNCTION WOrTh KNOWING : 

Q 

e [-bica| 


\° e” dx 
x Eg(-x) - Ci-e-) 


y 


o  xTA 


Ny 


x 
\* E;(u)dx 
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As ProbLEMS PROVE The FOLLOWING 


\* Ear Seq dt (zx bs ttm =) 


Avid wo =e <- 
swmt dt 2 2 fe ™ Eccm) =e Ecm | 
° +t? 2 
The whol€ Pont of GOIN’ INTO A diScosSSioN ot ThESE 


SPECIAL FoHOCTIONS IS TO bE ABLE TO MANIPULATE AN INTEGFAL 
LIKE The Lower one Above IWTo A form which CAN bE EvALVATEd 
bY VSING TABLES. A Good KNowledce of These funcTONS 15 
QvitTe vVALVADLE IN WorKinG Problems. 


As fw Enfmpre recale 
WE hd A Probten 


where we were To FNwd 


ive) ~ aX ~bx 
\ 2) Mek eee ay 
2 x 
This iS easy To EvaluATE 1f we LET E20 ANd brEAK IT INTO 
Two INTECTALS 1.8. 
eae 99 -ax o 2° 
Tae) = ie e dx = oe edt - © £¢i.781aé) 
xn t 
where we LET K= t/a ie WISE, 
& 
TE . ~b 
tbe). \. e Tae & sda Cis ee) 
A 


$0 Wwe have 
Tae se eye cbr ve). ciagiae): = AoC Io.) 


ThE MORE You LEAN The beTTER Your Chances become of 


STUMbLING ON Me FIGhT WAP To GET The ANSWER, BuT Remember 


ONG TheRe 1S A why To tind The ANSWER ThERE ARE IMMEd/ ATELY 
MANY WAYS TO GET The SAme ANSWER, 


Now LeTS sTod?y The dbehAVIOR of -€6(-X) FoR LARGE X. 


eo ot 
Te sTART we Can inTeoraTe | edt by PARTS, 
; -t { Mr ~ -t 
ee Sey dt. ae eee ae 
une ase ee x x t? 
Nol HERE ThAT WE hAVE JUST Shown ThAT 
vo) -t x 
§o @ dt = E;t-x) + € 
a x 


b6 


Now WE CAN INTEGFATE bY PARTS AGAIN ANd GET 
c ( Pees e* i 5) -t 
as ic -X = Ao - ¢ + ze 
x re \ “e3 dt 

We CAN KEEP This UP ANd wé will GeT A SERIES 
Which detineS -Ec(-x), 

-Ec(-A”) = e* ( a sol Suc as +4! re) 

x x x3 x4 xs 

Opseérve TAT The coethiaents ARE tacToRIALS ANd Therefore 
for A GIVEN X You CHW Go TAR ENOUGh TwaT The SERIES 
WiLL UNMATELY diverce. If YOU EVER TAN ACrOSS THIS 
SERIES YOU Shovld recoenite& it AS -e” Ecc-x) 


ELLIPTIC INTEGRALS 


AxnoTheR SPéeciAL FUMCTION Which 1S Good To KNOW js CALLE 
The ELLIPTIC: INTEGFAL. ActTUALLY TneERE ARE SEvErAL Kinds oR 
CLASSES Of ELLIPTIC INTEGIALs. 


We SinstT Kind of ELLIPTIC INTEGrALS Is detined AS, 


F(A, @) > C de ae ip 
o - 
| i-Rtom 
Ths INTEGFAL 19 NOT PoOSSIbLE TO JNTEGTATE IN TEMS ot 
OfdivARY fuxcriONS buT rATHER INVOLVES TrANSCENdMAL FUNCTIONS. 


ThE ELLIPTIC INTECTAL of The Setond Kihid iS) detined 


’ y 
ECR, g) = 11 -Romo doe 


Aud The ELLIPTIC INTEGTAL of TRE Third KINd is defined 
AS 


AS 


(" do 


z 2 
0 Gt n*sin ©) f 1 -£tsin29 
The trstT Two Kinds of ELLIPTIC [NTEGTALS ARE MORE 
FREQUENTLY ENCOUNTERED ANd THEREFORE | will Discuss 


Mmenm. 
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One specrAL CASE of The 12 Kind ELLIPTIC INTEGIAL 


iS Sor The cASE WheEN Q varies 
This fincTNlOnN 1s CALLEd K(R) 


Ro = ie de 
3 1) -Rron?@ 


ELLIPTIC INTEGRAL. 


beTween' oO ANd WZ. 


ThiS 18 CALLED ThE comPLETE 


OTE R forms ot The eutieTIC INTEGYALS MAY PrEQquiRE 
SUBSTITUTION OF VARIABLES IN oRdP Er TO PEGGNITE. ONE 
COMMOM SUBSTITUTION 18S t= SINO. The ditteraeunal 
subsnTuTon 18s dos dt 30 TnAT U= F(R,Y) becomes 

ot 
U= fee d 


t 
° fie fi-et’ 


ObTmINEd bY ShiftinG The 


Furlher GENELALIT? CAN be 
scate of € Sock TwaAT we WAvE 


ee dt 
faret? forgit® 


OR IN POLYNOMIAL form 


dt 
Uz 
GQtrbot+ctrrdt’+ et? 


VAMIADLE of INTEGYATION t is GréATER ThAN 
Luck TryinG TO CAST The 


lf The 
A QuAdrATIC , YOU ARE out ot 
INTEGFATE IN ELLIPTIC FoRM, HoweveR You Shoucd Tr To 
COMPLETE The SQufATE And see If The PorynomiAl will FACTOR. 


INVEYSE ELLIPTIC functions ARE USEd, IN 


Sometwmes The 
1S CALLED Qmu. The TranstormAnon 


This NoTATION @ = 4(u) Ana 

NS 

EQUATI ARE 008 &p = niu 
SING = Sncta) 


(lH ktswty = dndv) 
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You MAY be wondernnG WhaT ELLIPTIC FuNCTONS ARE IM 
The MATHEMATICAL WOFLd. Yor Know ThaT ThionomeTric fonctions 
Such AS Tne SING ANd Cosine ATE The Simplest Periodic FuucNous 
From which ALL oTher COMMON fuNCTIONS CAN bE Expressed AS 
IN SETIES NOTATIONS, &.9 EXPONENTIALS. When oPerATING IN ThE 
COMPLEX PLANE The FuNcTIONS SNLU) ANd Cniu) hAVE The ProPeRTY 
of BEING Thre SIMPLEST DOUKLY PERIODIC SuUNCTIONS Which 
ARE AVALYTIC. They Therefore form The BASE for TYANSCENDAL 
fuNCMOWS Which CAy be Expressed iw TErms ot SnCu) ANd 
Cn(v). ThéeSe ATE VETY INTECTESTING FoncNons To The MATHEMATIC AN, 


IT Is WOrTh AISCUSSING PrObLEMS Which INVOLUE 
ELLipTic INTGOYALS So You GET A +EEL tor The APPEARANCE 
IW PRYsicS ANd EXVGINEETING. OriciNAlLLY ThEY WERE USEd To 
SETEVMING The LENGTH of AN ELLIPSE 16) 1TS PERIMETER. 


IN The AWALYSIs of A SWINGING PENdULUM ThE GOVErNING 
DiftfeREeNNAL EQUATION IS 


dt 
dt* 

The Period of OSCILLATION IS dePENdENT ON The AMpLITUde 

of OSCILLATION. ONLY When SING ~ O 15 The Period wdepesder7 


of fpuTUde. The above difteremmr EQUATION 18 SoLuéd Throuch 
he vSGE of ELLIPNC MTECrALS. 


= ~- 3 SINO 
2 


Now becAusé ALL ThiS 18S VERY BORING To LEARN AbouT 
ThES€ SPEKIAL FUNCTIONS I'LL GIVE You AN INTERESTING PROBLEM 
Where These weird funcmows come up. This Problem wAS found, 
by The wht | AFTER The AWSWER WAS KNOWN. 


SupPose | wanT The Mean of TWO numbers SAY 1 And 9, 
WELL, The Answer 1S EASY The ATIMETAMIC MEAN 15 5. BuT,waiT! 
WhAT AbouT Tne GeomeTric Mefws? IT 15 3. Which is Thé 
beTER? Suppose | wAnT The menw mefw or The orefi MEAN. 

Why woT TAKE Tne menw of 3 ard S Which 18 42 And Then 
The Geometric Mean iS 3.878, 
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Now We caw KEEP GOING UNTIL we GET WhAT 1S CALLED ThE 
GAUSS's MEAN. ThS MAY bE’ CALLEd ThE AriTnmEeTe G60MEerrIC 
mean of TWO NumbER Min. IT TUrNs ouT THAT ThIS 
MEAN 1S Givew by 


ifr 
MEAN Cm, n)} = = 


im 
1 do _ mt 
ee ——— 2KC{i m 
M'SINOTN CSD 
You woold be hd Presséd TO ASSOCIATE Seb arditneag 
function with SUCh A SIMPLE IdeA AS COMPUTING A 
MeAN buT 1T IS) TYUE, 


BESSEL FUNCTIONS 


To Amuse You FurTWeEer I'LL INTROduce You To A NEW SET 
of SPECIAL FUNCTIONS IN A uceLesS buT INTERESTING WAY, 


Some OF You WAVE hEARd of CONTINUING FTACTONS. They 
Are of he form 


2+ = X 
Z + 

a+ 
t+ 
: Lt--- 
Thées FCACNON 1S of The form 
= -L 
x a@o¢ x 


Which is VUST fA QUASLATIC EQUATION IN X. Now we CAN 
YATY TAG ReREMT RyThM of The tracn0N bY ChANGING 
The CEepentive Numbers E.4 
iv Ae - eek is 
oq 1 K 
I+ 2. 
2+ 4 
1+2 
Now The dorm 18S x = i+ J 14 x 


are a 24k 
x 
which (S$ AGAIN A QuadvATNc IN KX, No MATTER WhaT 
REPETMON PATTERN YOu Pick You WiLL ALWAYS End UP 


WiTh A QuUAdrATIC RELATIONShip. 
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mt 


Now iT 'S PoOSSIbDLE TO cOoNSTYTUCT A CONTINUING 4rACTION 
Which dees woT hve Whe rhyThoic repeTinon ot The Above 


FVACHOM. Tre SIMPLEST NOWG chyTheic Fracnon 18 The 


GoLLOw ING } + t 


Stil 
Findine Tne formutA for Tris Se ACTION is QuiTé di fticulT 
infact iT hétd UVP he deEUELOPMENT of The fArornic bomb 
WhiLée we worked iT oOvT. With considerable EttorT you 
CAM Show The Above tracnon 1S EQ vAL To 


agg J, C- 2c) 
J (-2¢) 


Here The symbols J, ANd Jo reter To Bessel funcnons 


Ss0 wé SEE TWAT These SPec!:AL FINCTIONS CAN bE RELATED 
To ORGINARY NUMDERS. 


BESS EL Fu NcNons ARE dehned AS definite INTEGRALS 
IN THE FOLLOWING MANNER 


Iva 7 cos( nt ~vsint) dt 
(>) 
YN here iS AN INTEC Er INdEX WITH V DEING A VATIADLE, 
There ACE MANY WAYS TO EXPRESS The BESSEL FUNCTION: 
ONE MOTE COMMON WAY IS + : 
— vycos t cnt 
Jnce¥) > +n © e dt 
CHz > 

Bessel Funcnons APPEAR MANY TIMES WheEN The INTEGMAL 
INVOLVES Whe Product ot SiNES ANd cosines. A tor ot 
PhysicS ProbLEMS TURN UP TBeEesstL FNCTIONS . owE bEING 
iN THE AWALYSIS of FREQUENCY MOdULATION. IN This cASE wé 
have fA TeAnsmigSeo wfve oiven by A cos Plt). The 
Phase Plt) 1S Time VATYinG AS The cCATrIier tTrepuewcy 
ISModuLATEd bY The Slonfl frequency, VY, 1.4, The whve 
freguentY W 1S Weta onCvt), 


q/ 


SINCE THE PHASE is ChANoING IT dEPENds ON The INTANTGOUS 
Frequency. WE vEEd tO sotvEe AY .- wit) or 
dt 


Q = Wot + 7 Cos YT 
Thus TWé SIGMAL IS déBeribed AS 


A cos ( wot + % cos vt) 


Now WE MiChT ASK WhAT frequenc? components ARE ThERE 
IN This WAVE 1.2. WhaT Side band Frequencies ARE cARRIEd? We 
NEED To EVALYRTE The INTEGSAL 


J COS : wot + y cosyt) a de 


To deTermine how much of freguavcy Vv 1S caArriéd. Thos Then 
IS AN Ex Ampre of The use of A GesseL furcTon. 


WheEnEVER Tre Problem INVOLVES TWO DIMENSIONAL WAVE 
PrOPAGATION or MOTION BESSEL fuNcNoNS APPEAR. Such problems 
AS WATEY WAVES | d@um head vibrinon fd OFher PFOBLEMS J|NVOLVING 
CoLindricAL stMMEtTry ihyvoLtve BolviINnc ReEsset fowcnons. 


PRorerties of Besser FuNncnons 


i'd pow LIKE W discuss some of The PROPERTIES of BESSEL 
FUNCTIONS. The SimpLest form of The besset Function Intv) 95 
When The dex nN=o ANd we hfve The Zero order besseL AweNon, 


cant . 
. eVcost 
Jocv)= + \. e dt 


The ne nti Awd n-t order bESSEL IuwcNONS CAN bE TELATEd 
Throueh A fECLFSION RELATIONShIp of The form 


N Jncv) = x [ Soe o¥) t aes | 
OR ExPressed ANOTHER Why 
Jnnicv) = &@ Jycv) - In- Cv) 
Vv 


Therefore if we hAVe A TABLE of Jo And J, Then wt have 
AlL hieheR order besset Functions bY using ThE AbovE 
dormurA. This saves A Lod of WORK, 
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Some olhER USEtUL RELATIONSHIP oF BESSEL FUNCTIONS 


The denvfnue oF The ®BeEsset SU NCTION 1S GIVEN by 
gd J,,tv) = Jy'Cv) 
dv 


be diffeveutiatine UNdEr The INTEGLAL SIGN We hfve 


T 
Jn (VY) = = ao (-2mt) Sin Cnt- vswt) dt 


Aud bY ExpfWdine The Product of The SINES AS ThE difference 
oF 2 cosines WE chy WRITE 
Tnitv) > - + [Tngecvs - Ty cvs | 
OTmer Propernes of The derivanue of The Besser foncnom 
ARE: 
J no n7 
Lv" dacvf = v" Juv) 


iv ee) 2a Tae) 

\ Jitvydv = 2 Joy) 

\v Necwydv< vO.cvy 

) L Jo] vdv = ve Cdecv) +d cw] 
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MoRE ON BESSEL FUNCTIONS 


LAST TNME i WAS DISCUSSING BESSEL FUNCTIONS ANd 


Hid ENUMEFATED SOME of THE MORE Useful RELATIONShIPS 
WORTH REMEMDERING. They WERE! 


any : 
tv ch ) eh ve 


n Jncv) = ¥ bduss 4 Tn-}) 
Tnitv) = das = 


Besser fumcnows Appeme® fFrequentTLy in PhYSICS ANd one of 
ThE mosST COMMON OCCUrTENCES 15 IW The form of The SOLUTION 
To fr differewMAL EQuATNON. Since The differewnAc EQUATION 
IS IMporTANT IN PhYSICS, I'LL ATTEMPT TO WORK fr PRObLEM. 


Suppose Ther WAVES ARE PROPAGATING INSidE 4 
eyLindet of TADWS a, The WAVES sansty The wave 


EQuUANON GIVEN by 
ru ¥s 
VW = oa. ay a 
Where VC IS The LAPLAC IM, OPETATOR { 
we . % u 
Oo oe Tap TE 
d 93 
Ler me Arsr consider The cASe OF AN WhniTe 


CYLINDER ANd THE WAVES Are TUNNING UP ANd down 
| WAPYT @ SoLUTON witth tS of The form 


Wery,3,t) = er EC YS) 


Is TAS SOLUDON | Am LOOKING fer A Solu wiTh A dEHNITE 
frequency, w. | ALSO wAWT A PANCOLAR 3 TYAVELING WAVE 


which hAS Tre ProPErTyY AT TRE WALL IT GoES TO ZEROLE 


Wzo at ee For Convemence IT 1S EASIER TO WwoRK 
IN POLAR CoorDINATES DVE TO Me symMmetRY of The Problien. 
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The SoLUNON wWwovlp be of The foru 
fwt  ¢ KE 


Wex,?,2,t) = © e G ( prose , pong) 
where | TrANSformed A ay Pws¢ And ¥ AS PSINng. Now |} 
Chin DifterenTATE ANd GET Tne EQUATION 

gy at - we . v = v 

sta) ee eer G 


A 1s sometimes wB REFERRED TO AS THE EIGENVALVES of The 
DiFERENNAL EQUATION. Nore if | had No & VARIATION Then 
r= Ye. Now TO Go former | MusST TRShro The pifferenTft 
OPETATOR Tp POLAT COOrd INATES Or VATIABLES P Arid OD. This 
TrANS MATION IS ACcCOMPLISHEd VLSING The chAWGe RULE: 

2 - apd +, oa 


Ox ax ar aX a 
Wor kine Be MRovoh The ALGEBRA YIELDS we ReESOLT 
u 
ope se ye fo 
ax* dy” ee" eee ?* ag 


Nonce There pare No SINES OF COSINES IN WE EQUATION. This 15 AS 
IT Shoord be , Since The Problem 1S SPmmMetric AUT Th €& 3 
Pais. Now we Need To Sorve The BGYaTION 
2 2 

a e 126 #1 SS . MG 
97 PtP P* ag 

AssumiING NOw tormM The MomeNT MAT A= A/c Awd | have 
No @ vaRIANON | Shatc TrY fe SOLUTION of The for 

ec.) = Pep) Bey) 
ThERE IS REALLY NO Good REASON WhY | TYY This SOLUTION 
omer ThAw 1 Kew IT Works. However, IT 1S ONLY When SPECIAL 
Geomemies PermiT Warr SerfmRATON of VARIADLES 15 
Worth TYING. WI | PLUG Tis SOLUTION INTO ThE Differeonar 
Eqeimon it have 
L 
FU 4tF') + F = -_W" F 
> ( Le) +k 2 FO 

Here's WhERE PeoPLe ATQUE A LITTLE bechUSE WE will Divide 
Throveh bY Fo. | Goess 1T'S OKAY To DO ThAT becmuse 
IT works! 


15 


IF | Divipe TJrrouch by FD | 


o6T 
Pe ge On 
F re? co 


Now Here 1S AN INTEREST NG POINT, ThE TWO TERNS ON 
The LetT Hive unigue PROPERTIES, The Term in F tS ONL? 
fi Function of ep whilé The Terw Ww ® is onLva 


FUNCTION Of @. ln PARTICULAR G must be A VERY SPECIAL 
FUNCNON Which SANSHES The GQuATION 


o" 
2 
—r, = -MN 
2 
ed 
WhERE NAS Some conSTANT. The SOLUNON TO ThiS EQuANON 
IS JUST Ee ng =" ~tn@ 
Pig) = € ve OR Pcp =e 
ThE MOST GENEFAL SOLUTDON WoOvLd bE 
$69) = ASINnE +Beosng 
ThE SoLUNON MUST be Periodic Theretore nN CANNOT bE 
Less Tan~ O OF IMfroINAT?y, The FuNcTDON MUST SfmSty The 
PHPSICAL CONSTYAINT ThAT Ths WhEN You Go Around 360° 


you MuST have Tre SAME TUNcCnON 5B. TOV MUST EAA Tne 5 fme 
PRESSUrEe OF DISPLACEMENT, 


KNowine ThE SOLUTION for @ The EQuATON For F 
Chy be Solved, 
tt tL ’ . nt ee wt 
ECay a 2 F'() oe F(a) > - 2 Fy?) 
IT }5 CONVENIENT TO ChANGE The SCALE bY LEMNe PF San 


sech Twat Fp) <2 JT CZ na). MEN We cAn wr ITEé 


Jie), dddyy Cy- mt )Ton) 20 


dn fear 


Jrin) 18 NOW The Bessee tyncndN oF The ummabre nr And 


QONSTNTES A SOLLYTON TR The DitferenTnAL EQUATION. Mus we 
hive AS fr COMPLETE SOLUTDON 


nP fet CK,2 
© e€ dxtr) c : 
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IN ThiS SoLUTION The BeSSEL FUNCTION “FAKES THE PLACE 

of The SIMPLE SINE COSINE VARIATION IN A DNE DIMENSIONAL 
PEA Probtem. The BESSEL FUNCTION 15 The TWO DIMENSIONAL 
ANALOG ot The Sines Ad COSINES. 


The GBESSEL FUONCTDONS HAVE SOME INTERESTING PROPERNES 
Ad WE Should TAKE A Look AT Some of Them. 


The SimpresT wave or mode of The Besser Fuwcnow 
Does NOT Derewd oN Y sol That n=O. ThE fusicnow Jo (nr) 
LeokS LIKE; be Ca) 


2.405 fv 
he Kp <p boja-Kih \if we Require Q=0 AT p22 Then TJolXa)=0 
IMPLIES MMAt XK = 2.40S/a . Now if Wie iy LESS” Thaw 2.40S/a 
ThE EXPONENTIAL 15 NEcAtwe And CEAL Add The WAVE WILL 
NoT PpRoPAGATE Wr The PIPE. DI The OMerhand tf The 
Vrequexcy 18 hich &OUeh , he whive GETS Transm iTeD. 


IN The cAse of A Drum hed ky =o fidd Te AST NAneal. 
FREQUENCY 1S We 2405 6. HiGh& frequencies CorresPond TO 
hicher Order téroes OF The BESseL. FNCMNON. The roorTs ARE 
NoT tN fh SIMPLE MoLTNPLE reraToONShip Therefore The 
NoTes trom A drum ARE NOT MEetodius, A PICTURE oF ThE 
Swst 3% modes of MWe ero order bessel FUMCTION ARE: 


Mme + DevoresS AN 
upwWArd MOTION: - 
Danores Pf dowpwAcd 
MONON. The DASH LINES 
DENOTE NOdES 


he lowesT Mode of We FirsT order Resser las 
en A @ dependeyce frid VATIES AS COSY 


Jie Xp) C) iE 


The NEXT Two moves of Ji Look LIKE 


WE wANT TO INVESTIGATE SOME MORE PROPERTIES OF The 
Besser fFurcmon, Inv) 
ae “Ho gwt — ivcost 
Jniv) = —, € € 
2ie ° 


dt 


Ler'’s conSider Me Rehmior of Jniv) for SMALL VY, 
Jo Proceed Welt EXPAN err eeee AS f Power SériGeS., 
Also i'tL Just po Jolv) for Now. 


a ru i 
(aoe 1 f e vi cost dt 
UT ) 
phot et Gee ax: 
27 «jo a a + 


hook (Ut 
-te 4Y | cos*®t dt 


Now | dop'T Know hOw TO INTESOCATE The toncTON cos * +, 
FST PLL SEE If 1 UNderstHnd IT Term bY? Term 

AR cos kt Se cos*t de 

° | an 

! cost ro) 

2 cos*t tt 

3 coset re) 

4 cosi t 17 


WELL IT LOOKS LIKE IMAY be AbLE TH SOLVE WIS, | ALreidY 
KNow J mvsT be EVE OTnErwise The INTE GYFAL EQUAL BETO, 
Therefore Aet R= 2k; k bewo mw imtecer. Now 1 WAT To 
urn k 
INTE CTATE § eos dt. Replace The cosine bY ExPWaNALS , 
o 


ah pete etty de, 
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Now wé want TO WHITE The WiECrAnd AS 


\ aft -e(h-i)t at 
sue | © + e e 


a 
And VSE The BINOMIAL Theorem wnih SHr¥5 
n-k 8 
5. txet) 2 LA 
s x eg ittt Poe te (n-k)) UR! 
ere = 
ry s € iz ¢ 
wé Now Need Se ev'tdte 4 6" : ba =e t as 
RETHNING The CENWAL TErM IN me ex pansion 
) = Pht tis 
ah gif! 
Loh | 
Tau s entvt SO wt os Kyyyy 
Jotv) = @ ora UG 
4 (ng)! COLL, : ATA! 
Y Vv 
- p-M&y + CY) - @) 
bet vir! 3/3! 


This SEMES BEhAVES AS A COSINE FUNCTION. 


GENERALIQNG TiS RESULT TO MWe Wd order Qessel 
FUNCTNON 1S 


2 ro Lu 4 i 

Taw) = 2b Mv |! _ Wr) + CR) rs Y,) ae 
27n! | Zi Majer) 31 Ona indr)(nt3) 

So Herr WE have ONLY DEALT WIT INTEGER VALUES 

of n boT Let's NOW ASK What WF net. Mew WhAT IS Ty2¢v)? 

Weil immedi ATELY WE hAVE TYoobLE becavse we don'T Kwow 

What (/2)! 1S. BuT dfmn We ToRPEDOES ThAT IS ONLY A 


SChLe fircTO RR, LET'S Go fed find LET n= "2 Awd See whAT 
WE have, 


5 he q & 4 ‘ 
Jy, ov) cs oe | mt: oN + V V 


POR) — 92'Cai) 03008) )) 


The DEMONINATORS Ch bE REAITANG EH Such HAT WE hve 
Troy > vw Sy ve yv' oi ye. 
{7 ch)! 3! S! 7! 


Ay 


ThE SERIES 18 JUST The SINV SO We WAVE within 


Tv 
The cONSTAWT Wrens OVT TO bE tia ISN'T 17 AMR2NG 


Thar Jo, cv) TetMS OVT TO he S¥ch A SiIMpLEe ordinaARy 
TUN CTONM AtTCr ALL ThiS MIGhér MiAhemANCAL hoKus POKUS. 
Mote fyrMmer That swee we have A recursion formolA 


hat WE chy COMPUTE J420Y) Pwd OTHER nalt order 
‘RESSEL FUNCTIONS. 


MeThop of STEEPEST DESCENT 


| vextT WANT TO THLK AbouT Mme behavior of 

The besser funcTon for LAGE V. This 1S AN INTERESTING 
CASE ANd BEcCa4USEe WE AGAIN HAVE TO EXPAd FS 
A Power SERIES boT NOW be cAREL IN Which Terms 
WE KEEP, WE WiLL USE A MEMod of INTEGTATION 
which 1s very USENL called Me Method of STEEPEST 
DECENT. 

i The Id&A 1S INVOLVED WITH AN INTEGFAL LIKE 
Jee Fv est de where very be 10,000 or MORE. 


Now the funmmow oOXILLATES UKE hell And Never 

GETS AWYWhEeRE, IT 1S AMPLY When INTEGrANKNG Mrroveh 

A SMALL yivoe of t wWhRE We PraAse 15 NOT ChAomWs 

So RAPIDLY WaT The InTeCrAL hfS§S A ChANCE To 

AMOUNT To AOT MING. The FoMcCTIOM MAY Look LIKE 
—>| fF Reston of Slow Phase ChANce, 


WE hfv© Then The INTEOVAL ie a a dt where pct) = 

nt rvcoost mud we wht TO KNow where G IS A 

MAX or Min. IT 1S ONLY AT The EXTremumM THAT The INTEGrAC 
CAN fMouNT TO ANYTHING. Thus WE wANT Gilte) =0 Wheee 

to is The TIME The PhASE 1S NOT ChANOING, 


80 


Ditt ERENATN NG Pit) md soltvine dor to 
VSINte +n =O 


=-t 
do = SIN an - O 


LET ME GO Over This ACHIN IN A MORE CENETAL MANNER 
SINCE IT IS IMPORTANT. Suppose | wANnT 


. 1°) cd Plt) 
T= Aw \.. Git)e dt 


A? © 


where Glt) AIS A~WY SMOOTH FUNCTION of a; 


Git 
EGION ch (t 
vias” e€ ¢ ) 
NAD Aa 
t 


Now we want Olt) ExPmided fS A POWER SeRiES fbouT te 
Plt) = (te) + (t-to) p lto) + (t-te) ° pte) 
L 


Where to make @ 4.) 0. SubsnDTING pack WTO L 


oan é to > "(to ) (t-te jt 


. ie 2 2 
The exponent AL ary ne) it IS A GAUSSIAN OSCILLATOR 
fod haS The characrenr 


sat fe 
) e dt - I 
Here oh = ~¢)o'. Then AS fw APPROXIMATION 
: ? cAgct) 4 CA OCto) 
i» Gite dt 2 etre 


(-c) d pte) 


IM our CASE Gzetn \2V ANd 


= cost 
WIA te = 0 or am, Glo) = 4 O'e)= =! 
un cnt ¢Vcost : 
os e ne dt = wt es te cosv — SINV 
Tv Tv 


v 
if t has severac MAKIMAy Th ew you yuST Sum Up 


fll We CONTTIBUTONS + 


BI 


MORE ON THE METHOD oF STATIONARY PHASE 


LAST TME WE WERE TTYING TO FINd The behavior 
LA Ft) 
of The INTEGrAL j fe err ae for Lavoe vatves of 2X. 
IM PARNCOLAT ThE INTEGFAL WAS ThE BESSEL FUNCTION, 


tyvcost cyt 
St: = ete. e e dt 
2x 


-Htoy 
Tne vatiAbLE Vo IS The LATGE VATIAbBLE A Aid WE ATE IWTE RESTED 
In what The vALVE of Me INTESTAL IS. ThE ONLY TME 
ThE INTEGRAL AMOVNTS TO ANYTHING 1S WhEN The PhASE 
iS CONSTANT OF SAID MATHEMATICALLY Whoo 


d (vest) =0 
dt 
Tis CoNndimon IMPLIES ThAt vStntz=o or teo org. 


Sint& The (NTEGrTAL ONLY CONTTIbUTES NEAR t=o We 
cay Expfwd cost AS  |- t*/2 Thos 


2n-6° “tt 
ry vet, int 
{ e° ec 7 e. at 
enc? 

Here The INTEC GCrANON LIMITS hive bEEW AdjyusTed SO wet 


pon'T have TO worrry About The Fnctmon prroehT AT t=O. 
\f we Now ApproximATe ernt oe ie = | ANd TecALe 


62 eT des Ih 


WE ThWew have 


Now wé HAVE TO bE chrefutL bE ME  NTEGIAL FrOm -0 toto 


CONTOINS ALL The times whew Tne PhASE STOPS CHANGING ANd we 


ONLY WANT ONE CYCLE. The fyncrion lLooKS LIKE 
4 a 


MAN ania, /\ MYA MANA DA’ 
mit Ty Hitt rT 


; eae S| 21 
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wlé HAVE TO EVALUATE The IWTEGrAL AT t= Now. To 
do That we &xpind for A ShorT PhASE AWoL€e Tt, AhooT RUE 
rertAce € by Rt? fd EXPArd cost = Cosin+) = -cosz 
Sin€ee T IS SMALL EXxPANd ThE CoSINE TO farsTt ordee 


-cos@= - (1 7) = -1+th 
SULSNWTING INTO ME INTEGrAL 


iveost ¢ vce + TS ini 
(e ae ae \ e° -) e av 


ThiS INTEGCAL ChW bE BALUATED fd IS EQUAL To 
-cV cn, ink 
e yt ee 


Now we hfv—e To but ALL Tws STUff TOSETHER 


x -0T, ’ cr 7 
Vv - | uf uv ‘4 -y -tyv + 19 in 
ee stn | AF ee 2 


-cnn 
we cm onte | 2 eo bring This inTO ThE brAckeT, Pull 


oot Py ANd we hn ve 


j : 

ive -eniy, cr -€V  eny tiisq 

Tec scl e e meeoe + e e “e 
Rav 


The EXPreESSION IN ThE BACKET tS JUST 2005 Cv-Y - %) so 
we have For A FINaAl EXPLESSION 


7 : 2 ft co v- nt _ ot 
Jac) > f2 t scv-w r ) FoR LARGE V 


WE Should STOP HERE To DISCUSS ACMHN ME PHYSICAL 
MEANING Of The SolLuTON we hive JUST ObTMHN. IN General 
Te BESSEL AycNons APPEAr IN The SoLUTION of A TWO DIMEen- 
SIONAL WAVE ProPAGATION Problem. WE have Solved for 
ThE OUTooING WAVE COMPONENT. The Two dimewsionAl 
WAVE ENGROY FLOWING tmroveh Ever¥e Circle MUST bE 
INVETSELY PYOPOIMOWAL TO The ReaDIUS of ThE CIRCLE. Thus 
The coefficient _| Wv GIVES The coRRecT fAmplitdde 
deECYEMENT TO Produce The Correct evneroeY DvbEecresse AS 
Tne WAVE PYrOPAGATES ovT. 


$3 


The DMENSION LESS UATIADLE V IS reLATed TO The radivs 
Y AS Vc orn or vi kn where A= = WAVE Number 
And A 18 TRE WAVE LEnGTh, 


A Geod QUESTION TO TAISE 15S tow Do You KNOW bW/hEN ThE 
APPROXIMANON, IT wiLL TUrN OUT MAT The TYANSITON FROM SHALL 
v TO LARGE Vi fd ME froove ASYMPTOTIC behaAvior occors IN The 
REGION of V~N. However, To StTRAIOhTforWwATd WAY TO Go 
iS To €€Pfd Cost to bext hicher ordér TERM And look 
AT The mMAcwitdde OF The correcrnon TERM. 


ExpmydinG cost to hohe order We have Ith + tery 
TWen ‘Veot cv -tyt+ +evti nt 
e' co is e S Ary a ¢ fey a n { 


EXPANdING The LAST Two EX PonewnNALs 
‘ -eyv t? ‘ 
a eo" is ( hae cyt + cnt -nt*)dt 
24 2 


| wes VS The PREevious TeSULT, int AvErAGES To ZERO, Now 
~ ft? ~ Ltt 
we NEEd to EVALUATE Lite dt Aad (it~ dt. 
ag €> 
SINCE fe Aes 1% pifferenTNAMNG WE ET 
ns er 
jte “dt = A rd tle ge 2 3 fi 
2a q (o.4 © 
Where KH = f¥p. Now Mme Tt Term is Ya SmaALLEr 
Mit me Ist order term Ana tt 15 Zr SMALLER. CoLlecnne 
Terms The INTEOrAL 


cv Do y : - ne | | 
> e Jo a ee oe , = eH) 
cv 74 4 (- V4) a 
> ese [is Boa gen 
cV 74 ev 2V 


Note Tat BOTA correctiON TERMS Are of Thee order '/v 
id Ch Tneredoce be Combinéd. Jn(v) 1S Wen erven by 


spe -yny 2 1 [Ame om cosine 
Tntv) 12 7 cCos(v a 1) + oe ) 


Now You hf#VE To cOoMPARE TERMS TO ScEe If The SECONd One 
(S ImMPOTTYNT. 


BY 


You maY hAve Tnouveht wm PecursAr That 
In vt’ ANd No oTherS except ntt” | Din mar pecausé 
AS Vviis carcée t =~ Vy. Them vt? ~ vit 2k 
ANd nvt® « n®. | have INTELL GerTLY Kept vee Vine 


RiohtT trErYMs. 


To S€E how WS APPOKXIMANON cAN WORK LETS TAKE The 
Jotv) besser fuowr(NonN fwd comPutTe Mme Airst ro0T YSING The 
fhove APProximATON. Fer The CcoSING TO BE O 


we WANT Mme 
AroumMeNnT to be Mr ne, Vr Tyg = Ur 


Or Ve $0 e-L5SS:. 
This compres wiTh Tne ACTUAL roOT of 2.905, The NEXT 
YooT vequireS v-i7qg = 31/2 ) Ve S.SO 


AS comp Avéd wiTh 
S.$20. AT The Third rooT 


would be APProxIMATELY 32.7571 
> B.6S50 compARed WiTh 8.6584 ACTUALLY, Once The frst 


Zero AProxiIMATION IS MADE , ThE rooTS ARE Good TO 
WIMIN A 120, 


LET'S Now CONSIDER ANOMER CASE of COMPUTENG HIehLY 
OSCILLATIRY INTEOTALS. ThiS Time we'LL CONSIder ONLY REAL 
Cy ponents fwd durThermoré we'll Suppose the fuycnon has 


NO MAXIMA IX ME PTAWGE OF INTEGTATION. How do we 
COMPUTE The VALVE of The INTEGrAL!? 


-(1¥x 
Eonsider The INTECrAL \. e aes _ 


| KEPT Tétnms 


we 
) + x* 
PLoT Twig FUNCTION IT Looks LIKE: 
WE WILL EVALUATE Tne INTEGrAL WhERE Fe) i 
oUF 
The funcnon \S blooéeST ANd ThAT will “4 e i 
be AT R ONG End OF The OTHer oF Ps rake 
IWTEGTATION. IN TiS FUNCTION welll LET 
~ fine’ ~&A 
x 2th, e iS Then e fod This MAY bE 


frvery SMALL VALVE wut SLL 
WOoYTW ANYTHING. 


WE witht Now ExPANnd ABOOT XFI1 (4c Ley X= ItT 


Where Y 1S A SMALL NUMbEr. Tne IMTECHYAL becomes 
e9) -» [rere eye 
a af 
oO 


ITS The only contribynoen 


\ + Cl +¥y 
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ApProximAMNG We INTEGYAL 


See e mR ¢® ->dY 
ec Pe oe ee ae en dq 
fe z je ¢ 

The intTecrind IS A dvine EXPONENTIAL THAT DoesHK 
Require much ¥ to Kill IT. So we hAve AS AN 
AP POKIM ATO V 
w - dP yexe -aAh 
(2 3 te ee 
tan Y2 A 
1 Should PomwT OUT TwAT + wstv- WY - ™q) 18 


The STindING Wive SoLuTon To TRE “Differesnal EguAnoM 


IShoutd hfve Wo SOLUTIONS, the OTHER 18 The 4 


hv StuCv~ ny ou) 
Aud WiS SOLUTION INCLVdES Sources AT The ORIGIN. This 
OMmer SoLunon 


IS CAlued Me Neéevmaw funcNon fd we Should 
Di$cuss IT Now, 


Né€UMAN'S FUNCTIONS 


FRoM ME BeSSEL FUNYCNON DEtwINON The differewriAl 
UU ETICN goo e dT’ 4 Ce %)T =o 
The Solution = AJniv) wAS ObTYnWed for CASES 
of NON SINGULMMTIES AT Mme OrieIy. ]£ ThE SotunoNn 
CoNTMYS SINGULARITES AT ThE ORIGIN, THEN The omer 
soluToN 18 BI-ntV). We compcete SOLUTION oF 


DISFECENNAL EQUAMON 1S A LINEAR CombiNATION ot The 
WO SOLLUTIONS, 


if no ois AN IMTECER Tren Jatv) Add IJ-ncv) foxctNons 
PRE CELATEA bY Me RELATIONSHIP 


AdJncv) + BY-nCV) 


a 


Jntiv) = C0) Tatv) For n> iInTECER 
The Nevmmm funcnod 1S Dehned iw Terms of The VATIAbLE 


Nelv¥) SINPT = Jplv) cospH - J_pcv) 
for €V&ryY P NOT INTEG Er, 


Bo 


Nn(V) 1S JUST The OMmoecoNnAL SOLUTION TO ME 
DiffEerenTiAL EQUATION. TW EY ObEY The SAME recursion 
RELATONS AS The Tnivi S. The terom Order pleumAw 
PNCNON IS 

Notv) = Ancv) Jotv) + MY -¥* Cth) rv blitera] 
ae roe 
No(v) conTMmws A LOGAYITHMIC Divercevce At veO,. The 
two US€fulL recursion TOYMMmPLAS ARE 
Kea =. Nines ~ 2M 
me 
Noi tv) Tptv) - Npcv) Tp-.dv) = y 
The ASPmpTOTIC SOLUTION Of Natu) 1S {2 SINCE V - tn - It) 
A couple MORE RELAMONSh Ips 4 


© 
No (x) = = i. Cos (x coshu) do 


Jo (x) = 2(° 
o (Xx) i \, Sin Cx coshu) du 


HANKEL , ber , bei tuncmons 


The ARE SEVERAL MORE TWNcNOWS CLOSELY RELATED To 
Resse. fFuncNons which Are seena FREQuaEnTLY. The? ARE 
ALL formed bY LINEAR CombinAToNsS ot The J'S ANd N'5, 


The Hrmket furnchon NuUMber 4+ 18 DEhned AS 


' ‘ iV 
(er Hpcv) = Jpcv) + t Npcv) ASTMPTer IC. se 
P form Ty 
vd 
on H p Cv) = Jpev) - C¢ N pCv) >> eo, 


Somemmes The GESSEL TUNCTION |§ Expressed IN serns IV 
oF f& COMPLEX VARIABLE 1nN Which cASE 


Je (LEX) = berx + ¢beix 


Ber Aid Geo ATE JUST The Ref fd IMAGINARY PARTS of The Besser 
SUN ON. 
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GENERANNG FUNCTIONS 


Wd LIKE TO TALK About GewerAmingo Pwcnons Now. 
GENEMING FfuNcCNONS AE ESSELTIALLY SEQUENCES of FuNcnows 
LIKE Jo, J, ,J2, 3,  eTc. ONE FuNcNON ConTHNS ALL oF ThE 


BESSEL FUNCTIONS. 
To see tf WE Ch deveLoPe A BEVERATING Funcnon 


for Me BESSEL FuncTION, LET'S suppose Tre GBesset FUNCTIONS 
PASATISEY The folLowinG Two RELATIONSHIPS 


nny = ¥ OTe + Tne) () 

Tn' = -t CTnas - Tea) (2) 

Ler Fit,v) be Me Geweramine funcnon whith is defined 
Fit,v) = 2 t" Jntv) 3) 


Twis defininon SAYS If FCT v) IS EXPANdEed AS Power series 
in t They Tne cocthcients me The Besser FUNCTIONS. 


LET'S try fd SEE If ThiS dehwinow woRKS. HMutTiply 
EQ, (1) Above by +t” Ad Sum OVER n ig 


Ent" Incv) > 4 Vt + y {* Ty 


WE Need A WAY TO ExPRESS Tne SERIES IN Terms ot F. leéj's 
(3) by & fwd Mutnper dy F, 


LPR) 22 WEE Jay) 
Aud from ean 
toes ¥(d +t) Fay) 
PROCEEd ING To SdLVE This DifferennAL EQUVANOY 
> ¥FCirt) —- SF. ¥ Ci+t?) dt 
i Fitv) sAe= ot *) eae 
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A is A constant of INTEGRATION AS fAR AS t GoES. 
A coucd be A fuwcton ot V- We need to sorve Sor Atv). 


Let's Solve Twi s -4 ( Tnar = Ines) bY muLTpLY ine by t” 
And SUMMING ; = 

ye a = -2 ie sae er + $5 t" Sn 

oF Bo, eahecl e 
oe St > CY ye - t) FLV) 


dV 
-Vd fe-t 
Fltv)2 Cithe - 
The ConsTfwr C caw be A Fo~cmonw of t. However SINCE 
The TWwo FUNCTIONS MUST ACRES mbes s ScALE hAs 


such TAT C=z=A=A Md Mme Hwat ReSoLT 1S 
uo 


D.C dies 
N=-00 


bee yy Chasen 


Nove TwAT The powéR EXPANSION CfnNoT bE in TeRMS Of t- Je 
Aud THiS SEEMS INCONSISTEWT WITR our STHRNNE ASSUMPTION. 
Ir 1S NECESSARY to ExpfAnd e* And ev StPATATELY AS The 
SummMATOM UNS from -e@ to +o0. TheexpAnsion has fw 
ESSEnniAL SINGULARITY AT 8 AT OO, 


To see 


wel IF This GENErATNG FONCTION WORKS LET ME EX Pind 
2 
e 


~ Vt 
ue} AS A Dovble SETIES 


We lt- “Yt) é. eg ul _vyh y | 
e = x (¥) ni t ze ( ) Ae! th 
LET'S compet € Jo, ee NO, To CET Jo N must EQUAL Ak 
CTherwise ALL Tne Omer TERMS EAT GACH OWNER 


y _t 
oe 2 tt {t) ate Cees 


} 
And IT works. Me 4 


; G 
} vr (v-} a 
Chi > UO Gey ThGd cary? 
IT 1S VEY INTETESTING That Tre GerAnNe Awcnod 
Cf took so SimPLEe bvyT AT We Sime Ne REPRESEVT 
Such & COompLIcATed PNcTOm, GENERATING fuNCTONS 
ARE VERY USEDL When RECUFSIVE RELATIONSHIPS APPEAR. 


SUPPOSE t: ere some COMPLEX NUMbER Then The 


GCENErPMNG FONCTON HECOMES 


yv, eo -¢@ ZV AW tng 
ele -e ) . e wm O = Jotv) +7 e Jacy) 
GOS pees th 
évsine ox +2 ee (-1) Jniv) 
e > Jo + 22 sw nO Vnl¥} nz 
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The Poisson DiISTRIDYTION 


- Avomer Exfmpce of A GENetATNG FUNCTION - 


I~ oTher To ESTA bDLISH Tre td eA of A GENE ANNG Sowcnon 
IW your Mind LET ME GO Mrrevoeh ANoOTHEr INTEHESTING XK AMPLE. 
THE GLAMPLE INVOLVES TRE DEVELOPMENT of The POISQN DISTYIbUTION 
FURCTION. AS Yoo MAY RECALL This furncnow 18 USEd TO FAN! The 
ProbAbiLiTY of ObSeruinc A Cernhn NYomber of EVENTS IN A GlYeN 
TIME INTERVAL t. 

The Gwent occur AT CfWdom Ad Are STAMSCALLY INd edd T 
ot GAch OTHER, While IN ACTUAL Practice A LoT Of EVENT Depend 
ON ech oer IN SUbTLE find COMPLICATED WAYS We SMALL 
Consider The foilLow Ex AMPLE AS AW IDEAL ONE. Suppose we 
WANT To CALCULATE The NuUMbEr oF THN DROPS TALLING ON 
AR ceinn SQuAre tooT of PAVEmMaNT in A CIVEN THME INTECVAL 
+ WhAT )S The Probability 57 Drops witt FALL iS This ME 
INTECVAL 2 


WE wiht To Find The Probability , Patt), of oetrme 
Ae counTS iW Tre intTeruAt oF me T. Now we n&td Some 
MefsuRe of TRE rATE AT Which The counTS ARE occurriNG 
PEr Seconn. LET US CALL ThiS fAverfee NUMbEr Of COUNTS PER 
Second A. In dT the PrbaAbAiTY of AM ERENT 15 PrOPOrNONAL 
To dT bY o&. if dT WS Teo ShorT | Then No EveuT™ will occur, 


A Measuce of how Lone You WAIT BETWEEN EVENTS 1S ON The 
otder of UK. 


Now we wAwr To CALCULATE The Probability ot R&R counts 
occur IN The NME wrerval T + AT. This 1S WRITTEN 


PeiT+ AT) = Cl- Kdt) Peet) + edt Pre (7) 


TWis 18 The Sum of Tee PropADLITIES of The TWO MUTVALLY Exclusive 
EV &NTS: That R FEvewts have occurred ww T ANd None occur iN AT 
Aud That p-1 events occurred IN T Axa | EvenT IN AT. KdT 
IS The ProobabiLiT? ON lt EevesT WW dT SO I-&dT 15 Tre 


Prob&bitity of No “EvenTS WN dT. Patt) 18 The ProbAbiuiTy 
You hitd R eveETs IN time T. 
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By €xPANd ING MWe 


LEtT hfWd S)/DE 
have 


/PaRLT + AT) wt 


Pait) + dt dPrtt) 
dt 


IN MMe OF order Te - 


= Prit) - ddt Te(t) +KdT Pri Ct) 


TWO SiwES MUST ACREE FNd IN ThE 


pZorder WE require They Aoree Theretore we hive A Difteresnac 
EQuAMON IN PRIT) wit 


d PRET) 2 x Pet) +L Prilt) 
dt 


WE MUST SOLVE Tris series of DiftreuTnAl EQuATIONS, Nonce 
The Prit) B APPEARS IN fF TECUrSIOM RELATIONSHIP wiTh PR-1 
Thys whevever Wis hHAPPEYS WE Shoold cALL IN fA GENERAMNG 


Sonqmyow TO herP VS ALONG. WE want TO Dehnwe A Funcnon 
FCX,t) which hAS The Property whew IT 1S EXPAnded IN A 


power Senes of X, he coefHicieuTS TWrn dvT Fo be ThE Pry) 'a 
SAID MATHEMATICALLY WE os, ca 


Fcx,t) = , OK ® Pp (1) 
R20 


ewe MUTIPLY We Above 


EquAémMon by x* 
AL Rk Ke we have 


AY®d sun over 
k df, e kp Ak 

xk dP. XX ART) +E xh Pe, 

fo dt 0 he) 

You’ witt nonce The second TETM ON ThE RIGHT 

R= 1 ame Thh h=o. This 

To be tEvro, 


1S STARTED AT 
IS BecAuse PhysicacLy P., 1s dehved 
The wen TERM 18 MEMINGLESS SO WE WILL iGvore !T, 
Thus USING The dethnimonw tor he GevernnnG FYNCNON WE hfve 
S) = - -~ K FCx,T) + e&x FOx,t) = 


ene Cage, Oy 
This iS EASY To Solve, IT IS YusT 


~ACI-x)T 
FCx,T) = Ce 
HEeRe Promw we hAve To worry AhooT The conSTawT C. This 


IS B® CONSTANT with respPpecT To T 50 


IN GENETAL IT could 
be fr fNcnOn of x, 


| 


IN ORDER FO DETETMINGE WHAT TRE COMSTANT Should 
be LET'S EXAMINE ThE SPECIAL PROPERTIES OF FCX,T) 
which Ate TELATED TO The Phrsics of The Problem. Consider 


Time T=O ThEN FCX,0) = CCX). AT Te= 0 There 
1S 100°%o §=ProbAbilITY of zZ€ro COUNTS occurring, Thus 
Poco) = |. We ProbsbititY oF 1 OR MORE EverTs 


occuryine AT V=O ATE ALL ZERO, 1. PCO) =O /P260)=0 ETC. 
Theretoré we mMusST ReguiRe ThaT 

F Cx,0) = & x® Peo): SPC) 
Tngs:. FORA es: sere es)t 


| woulD NOw LIKE To Show YOu how FO Recover 
The Pe(t)'s bY EXPAVdING FCX,T) AS A Power SERIES 
IN X. To BEGIN LET WE WRITE 


- AXT 
OK Ty. sere! 


Exp rrditc The EXPONENTIAL, ae h 
-o ~ 
Pox,T) = eo 2 Cat) 


kez Rl 
Theretore we have deduced 
J, - aT 
Pech) = CAT e 


I'd Now LiKE TO TALK fbouT The Physics of This 
tuycrpon. FitstT iT Should ve True THAT The ProbAbiviy’ 


ot ALL EVE®TS Shovid ADD UP TO 1 41,E 
Q> 
> 2) ~<T =~ 
> Prtt) = 7 Ca e : are Vag 
Ar=0 azo? 


And iT DOES. Now To obTMHN ThE MEAN Number of counTS,N, 
(MUST ComPuTE FF A Pe (1) Wh 


Ne opp: = FP haar e 
} 


A | XT her - 
SINCE A Ser, ae we have >. an* e ™ - 7. @nN@ € 
Fa (R-1)! (Rei)! (A-1) | 
fwd be cevedhwing R-!l = Add SUMMING WE have 


N= aT 


ys 


BEFoReE | Go ON } would cl Ke FO POINT OUT Some 
uTILITY oF ThE cen AMNG FONCTION IN uUnderspdINno The 
ResortS. LETS Rewrite  -Fex,T) = EMV MT 25 yD, cq), 


If This were NOT SUCH fw Gage FUNCTION TO EXPAND IN TEMS 


of X we covld STILL Check Te See if iF is correcT. €.6. 


The PropabiitY Of 100% 18 JoST X21 or FCT)= @°Fl, 
The MEM CHY be COMPUTED From DitterewTIATING Fo with 
respecy To X Awd EvALuAMNG AT X=! 


} FCx,7) 


3x - ae aay = EAR PR 
Nl ~AC1-x)T x 
= cA) e@ = &©T =N 
To COMPUTE ThE MEN SQUARE OF The numbeR WE WANT 
FAY Prt) = nem square 


IT \S efsier TO ArsT COMPUTE Fre Netw Sovftre Nunes The 

MEAN SINCE : 2:8 = 7 
SF) = LD RCR-))PaCT) = (at)*+ dT = N*HN 
aK Az! 


Now if The MEA NuMbER of counts 1s N nen 

IN A uniT TNMe INTEYVAL we EXPECT TO CET 

nee 

A! 
The ProBAbILITY Of GETMNG NOD couNTS IS JOST ord Thus 
The ProbAbNITY DIES BRPoNewTMALLY AS N. AT he oTher 
ExTrEMEe foR VERY LARGE N The Probabitity DisSTribunon 
CAN be APPROXIMATED USING Tre ¢Acr ThAT 


RL &% fark (A) Sor Larce BR 


Re IS ASSUMED LATE SINCE N 1s LATGE IMPLYING A LOT of EveNTS 
eccuvYINe@. hen we have 


on s ies 7 | (Ne)* ~N 


Rh -Ntk 
ae a) eo 
Ae! 2 


(3! 


| 
ene 
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cfiN wiTEe Mis AS N 
Nekede LCG) 


| 
Pp. od 
fark 
Wis curve LookKS LUKE 
P 
N je > 
The miximfr Occurs at me kh=N. | witt E&xPAnd P About 


N by vetine k= N+h Where X 18 A t+ Or - smALL 
NumbeER, 
+h + (wre) Dn ( che ) 


a 
Va. > aN 0 : 

Now } Oa S| = - In C1 +4) z me 44 + hohe 

ni th N 2 Ne Order 
SULSNTTNNGS bACK IN 

7 Ae z 
Dike cl L+w4+jc4 +24.) -Aanyt 
iN arr 
Thus Pe 1S APPROXIMATED AS A GAUSSIAN Near The 1 a 
- (N-k)* 
Te 2 e UN 
& GIN 


The width of The GAUSSIAN 1S ProPorMnowAL TH IN. 


a 


GAMMA FUNCTION 


1 NOW WNT TO TALK fibouT fmoTher SPecr AL Furcnon 
which \S ENCOUNTERED FREQUENTLY -— The GAMMA FUNCTION. 
ThE GAMMA Funcnon 1S COMMONLY USEd WhEN NONINTEGRAL 
FACTORUALS ARE ENCOUNTERED. FACTORIALS ARE NORE CusTOMEr ALLY 
athwed for INTEGEr VALUES of N. ThE FOLLOWING DEFINITION of 
The GAMMA FUNCTON js ADOPTED 


Qo 
“ ee n 27% 
Pont) =n) = \, x e@ dx nN 70 
ThE INTEGYAL 1S NDT DEFINED FOR n <0 So The frdove dehwinon 


APPLIES onty for noo. 
To PROVE The IWTEGTAL RESULTS IN The FACTORIAL RECALL 


WAT vP en dx = +. IF 1 beow Te differeumaATe with 

fesPecT TO X 1 WILL STAYT TO GET The foLtlnowING INTEOrALS 
2) ~ KX 7 | VT _~Hx 2 3. ~ XK ~ S:2/ 
Jo xe dx=s, , Sate dx = Sy jae dx = 2 


Awd with LIME MENTAL EftorT This chw be extended To 
\are Ags: oT! which for &=2 1 IS JuST The 
foove TUNCTNON. 

IN order TO €EvaAtuATE V2! we Need To EX TENd The 
DEhNINON of TRE OfemMA FUNCTION NOTING THAT trom Te déf- 
IWITION n! = FCn+t) CAN bE REWrITTeY USING The tact MAT 
Wis ntn-i)! ME PreSULTING recursion RELATIONSHIP 1S 


deveroPed ECe¢1) = & F@) 


HERE & CAN be INTECer, NONTEGEY REAL OF COMPLEX. Thus tom 
Tne detininoy we hive ax me frst few Terns 


rot) =ot = | ae @ eae a Fo3js2i-r2 , ex. 
Now Lerts TY TO FIND [CC fz). SubsnwnNne Wo The 


INTEOT AL @ 1% 7% 


PC 'z) = | x e dx 


e -y* 
BY svbsnpTrine X= ¥* The InTeerAL Becomes So 2e. dy? = fit 


Thus we hfive (+4)! Saf 


USING ThE RECULSION RELATIONSHIP WE have TnaT 
Msp) 2 Ye Pov) = wWYT. Thus IN GenerAl 


Ponts) = -4)Cn-32) (n-Spr) - --- 4 PG) 
- CUN~-1) CUN-3) CUMS) -- +77 S63] -] di 
am 


Om We Propucr of ALL The ODD 
be MWe Facrrieat foxncnon 


P cnrt) = ane 40 


ae (i 


INTECETS 18 JUST GIVEN 


The Besse. Funcnon CAN BE DEFINED IN TERMS Of ThE 
The GAmmMA Funcnon = AS 


i Wa 2n 
Jute) = 2 CRI cos(zcosgam o of 
cs rénth) Q ¢ i 4 


Whew NS NON INTEGER The Resser fuNncnon 1S snit DehNéd IN 
TEfMs of The GAMMA Funcnon, However if N resorts IN INTEG CATING 
Over ONLY Part oF A CYCLE The Pp@oblem FALLS APART ANd yoo 


hAVE NO TASTE for PICKING ‘a bAd N. IN Tne cASE of Jy C2) 
The Proove dbéqmes 


Jigp te) = aes ) Li-cosz] 


The BEeTR Funcrnon 


Some owe KAS BOMEREd To Behwe A New ANCNON CALLE 
We BEA FUNCTION FO DEVEL WITH TIULTIPLY ING TOV 0 


GAMMA FUNCTIONS TOGETHER. LETS STPOT BY motTiIPLY Ine FCm) 
by Mn) 


Sok: a. 
romyi(n) = a \ 
5 


-% n-! si 
dx Y e dy 
Now voesine %= §° Add Y= n” Tha) 
rin : Oe ® Comet) ULn-t) =¢ tin) 
iF we Triwk of § fwd a ts dehvine a Puine, WE WANT TO 
COMPUTE AW ATER INTESrAL, SO AemhN LETS Swen uf: ADLES 
€ = SING Awd Y= t cosO 
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Thus we have 
We wt Ctm-| ttn-1) ee ane! 
Tom) Pon) = 4), \, en adn eins 2 285 ade 


Now Tne INTECTAL Over he rfAdius A 


1S JUST AwoTher GAMMA 
FUuNCnon | Focmtn), There fore 


Wie uml zwn-) de 
Pim) Pon) = 2 romtn)\, SIN @ cos oe 
OR piviDiAG OUT Timm) ow he RIGHT 
nk ~ an-~lt 
Fem Fo) Lo ye sw 6 cos” a do 
romtn) 


This iMTéerAL which EQUALS fom) ton) is The DENNINON 
of We Bak ton cnow of m mdn PF omrn) Wks 


Bemjn) =. Tom Tin 


rimtn) 
IT cAN be Shown That 


Bomn) = i" Ct-x)" orn i 


IT 1S Tee THAT = Rim,n) = Bonm) . ALL IT CAw be Show TWAT 
o m-) 
Bom yn) = is ane ai dy 
Cia? 


In The SPECIAL CASE mtn = 
Pom) di-m) = 9 oy 


WE hAD TYOLUDLE Try ING TO COMPUTE ThiS 
INTEGKATON MEthodDS bveT IT 1S 
Via GAMMA FUNCTIONS ThAT. 


mTECrAL bP CopRos 
SWRiohTtordwfrd Jo EvfluAye 


as ik 


ot ee a [Fut = mo sock WaT rov)= 
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LEGENDRE POLYNOMIALS 


THERE 1S ONG MORE CLASS of SPECIAL Funmmnons 
That hAS beay DIeNIfTEed by A NAME 50 Now | WANT TO 
DISCUSS Them. JHESE ATE The SO CALLEd Be L&GEendre PolYnomALs. 
Now There ATE MANY WAYS TO DEFINE This ser oF funcnons 
but td LUKE T. DO T vit Whe SCEn&ATING FPNCTNON METHOD 
PrEeviouvSlY DiScvssed. 


The Generatinne FUNCTION 


For The LEGENDRE POLYNOMIALS 
IS 1 a n 
Fox,t) = = 2 t Trlr) 
Y l- 2tx4+t* WF 


Now 18 Add iNoNn To hfine A NUMber ot MATHEMATICAL 
IMPLICATION The GENEFANNG FUNCNON HAS fw IMPORTANT 


SEOMETICAL Siemirhcance with | WANT TO MENTION. TF 


To SPEcIfY The DiIsTANCE BETWEEN 2 POINTS 
coord INATES 


1 WANT 


IN POLAR 
}wo0uld wRITE 


Pia = | me + ioe - 2m, My cose 


If 1 CONSIDER Mi SR. FirsP 7 CAN AS 


The REciProcAL DISTARCE 
\ j 


—— = 


= a 
Rar hy y (2) +] - 2%, Ra cose 
v 
The squAaRe Root CAN Be ExPAwnEed AS A POWER SERIES 
— vn 
oe 5 | Ry r 
Rye Rez >. ( x.) “P, ( CoS 8) 
Thys we cin EQuATE The VARIADLES IN The GeweRATING 
FUNCTION IN TwIS EXPFESSION 


fe : 
$s ’ X = cose 


Since IN ELECTTOSTATICS ThE POTENTIAL ENERGY IS INVERSELY 


PROPORTIONAL To The piSTMNce bETween The ChMROES nc Ve K/p,y 
OR Ve: K S$ (& ; 
Ry a m Pr a. 


Thus f& NYUMbEr of Problems COME VP Where Jhos GOVEFANNG 
SONCHON APPEARS SO The LEGELYDRE POLYNOMIALS ARE USEFLL TO 


KNOW, 
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Now BACK TO The cenerAnne fowcnown Ad TO Discover 
SOMETMNG MpooT MWeSe SPECIAL funcrnoNns. LET'S EXPAND 
Cl -2tx ttt) im f& Power SERIES 


(1-2tx aey = p- £¢-2tx +t*) - 3 ¢- 2x 4tt) + htohér 
COLLATING TERMS IN orders oF T Bret 
Ci Gaeiauy => | +txe (& xt ~g)}t* t hiohér ordér 
Thus we have he first few Lecenda@e Polynomials 
Po Cx) = | 
P, cx) = X 


Pr (x) = 3 x* - V2 


Now The hioher order Lecendré PoLyNOMIALS Cf bE COMPUTED 
USING The FOLLOWING RECURSION RELATIONShIP. 

Cnt) Pas CX) — Centt) X Pucx) + nNPy-) x) =O 
Jo show how TMWiS workS Les comPuTE P3 from The Above 


fyNcTNONs 
3 Ps - Sx Pr * 2UPr =O 


3 
BPy2 SXP. - 2th = SX CZxt-1) -2x 
ae ae ee 
ee eee 
or 3 3 
Ve. 0 are ak 


AvoTher USEdUL RECLFSION RELATIONSHIP INVOLVES The DERIVANVE 
of The LEGENDRE POLYNOMIAL, VI2, 


' 
C1-xt) Prox) + nx Prlx) ~ NPy~ Cx) =O 
USING ThE GENERATING FUNCTION TO COMPUTE INTEGRALS 


1 wanr TO Show You how TO VSE he CENERATIN 6 
SyyeNon To ComPuTeE The Untves of INREOCALS. SUPPOSE 
l wANT TO EVALUATE 


Te ‘ Pm (cose) Paccose) Sine do 


This 1S NOT ONE INTESFAL BuoT A whore SeT of INTEOFALS. 
tow Do | DO THAT? Well if 1 REdENNE The viriA bles 


ae an) 
PANS Twn =), Pacx) Po (x) dX 
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LeT Me DEKE A NEW GEewerAMNNG foncnon GCtS) 
which hAS The FOLLOWING DEeEhNITNON 


GU s\ = 2 Ae tS" 


This PermiTS DOING We whole ser OF INTESrFALS AT ONCE 


for Ml 1 have TO DO 1S EXPAWd G&S) To GET The VALUES 
of The INTECMALS . “FIRST , howewer, | MUST INTEGRATE 
= +) 
= m n 
Sty sy > Fe t” Pals) S” Pala) dx 


-} 


SubSMWTNG IN FOR The GeNErATING FuNCNONS of PRK) 
+1 | 
GCE S)*s Zo j = dx 
wn, 
t 


“lf -2txeet Yl 2sxts™ 


If 1 ChY Do The $ |WIFOrAL on X _t chy Ger The Ayswee | 

fm fritec, UndortunAveey | | have ConStructtd fy INTEOrAL 
which iS hfrkRdet TO EVALUATE Tht The orjeinftl SEéT. 

ThiS 1S NoT ALWAYS Trve SO Don'T pe discourAGéEd |T does 
Torn o8T WAT ne ffoous INTEOTAL Ch bE EvALY ATED AS 

APN INDEEINITE INTEGRAL And iT cAY bE SimputieD 


To 
Get $): Soak: fe tRIST os yf Itw 
[st t- {ST Tw Amn [-W 


|} nAVeE To ExXPand ThiS AS A Power serieS IN W 


Cis) 2 a twig - wi, 4 --- 
i ee ae Os Me o> 
27 : 


4 6 z 
eee + wey wi® 


3 S 7 Rht)} 
= 2 
= 25 (fot) oF aye 
CUR+t) 20 eer 
Thus wé see ThaT 
an = 2 
2kt+} 


WhAT DES This mean? FIRST 17 SAYS THAT If M DOES NoT 
EQUAL N Then Lan =O , OTHE WISE i+ men=R hen 


a 2 
oe thr 


ANd The wite€orAlL hAS ThiS VALVE, 


|oo 


The deer That Twn =0 for m¥n 1S fA VER IMportAwT 
RESULT SINCE IT IMPLIES THAT The Two FUNCTIONS ARE OrTnooowAl. 
This Property 1S AA DACKbon€e of A Good PART of MATHEMATICS 
ANd iT 1S cevTrAL TO The DEfninNON of A ComPLETE SET OF 
foncnonS LiKE Whe Gener PRAn LECtNDRE POLYNOMIRLS 


Throveh The DEFINITION of Palx) Bad The RECUSSION 
RetfmowshiP iT CAS bE Shown WAT Patx) sarisfies 
The foLlowine DiffEerEenNAL EG VATION 


f [eire) P+ nentiyPaox) =o 
oR 


J 


= . Sine 3 iP ray é 
sine de aeaenen ) + n(nti) PrCwse) =0 


ThE REASON 1 Drfw fATENTON TO THiS EQUALITY 1S THAT 
WiThIN The fefim of PHYSICS THIS DIFFETENNAL EQUANON Comes 
UP very ArEequeTLY Awd we need TO Soive IT, The Reason 
THis <oufmon comes uP offen 1S Tht MANY POHUEMS involve 
THe LAPLACIAN OPETATOR, 

a oe a 


5 o 
This OPE ATIC works’ on Some Wn Nae 4x, 9,2), FF We 


Trity stor 1 from CARTESI PW Coord WATES TO SPheEricAl coordiINATES 
Wen he LaPlaAcif OPernTOR MUST LIKEWISE bE TM StormeEd. 
WE MUST VSE The ELAMONSHIPS 


K= MUSING COSY Y2 RSINE SIND 22 Ncose 
AITEC DoW The ALGEbIA 
a) OF RFE 
tv. I 8 nt oF af: | = awe 41 | a 
OF he an ( ) Rrpame 98 90  RMaAMrG ag 


SomeTmeS TW 1S MORE CONYRNIENT TO The RADIAL Term AS 


1 gt g 
ego ) 
You CAN Show WaT WdcEed 
1 * caf) = tL 3 LaF 
ire EY Sos ) es p ~ (n xf ) 


|D| 


LeT’S Now DiscusS A PFOBLEM INVOLVENG Th€ wfve 
EQUATION IN SPhEricAL coordINATES, K€ JF -RF. 
Suppose ArsT Were 1S wo DePenDence oN & , This MAKES 
TRE PObDLEM ONE DEOREE LESS COMPLICATED. SINCE WE KNOW 


Prtcose) sAamshes The © DEPENdENCE LET'S TRY ThE 


TION 
sere F= ¥nt2) Pr Cose) 


THIS 1S FW OUT GoIwG SPhEICAL WAVE WIT SOME ANoULAR 
DiSTrbYUTION DeEScribs’eD bY P, cuse), TF | PWG ThiS 
TMAL SoLuUTION INTO The differernAt EQUATION , | GET 


Yoo) 24° Catan) + fey d ome diy fey 
a rrywe de do 
where YC@) = P.c cose). BY DIVIDING ThrouGh by FY 
ANd MULTIPLYING Tarouvoh bY AY WE UNCOUPLE Tre raApoiAl 
fod ANoULAT PATTS, Thus ¥(8) MusT Sfmsty 


+ 3 swe dy 
SINE de de 


Thus YC8) IS THE very SPECIAL FUNCTION Pp cwse), 


+ nonti)Y =O 


Mow The rapiAl Pmt Must sansty 


Fae at nN Cnt . 5 
m dnt (ata) ) + ae 4n (2) = ~At tL cr) 
The SOLUTRON TO TiS DiffEereuTAL EQUAMON IS 


SnCn) mm A tite ome 7 zi Bit Nove Cry 


| Shovld MENTION THERE IS AVOTHER SET Of 
Functions which Are RELATED To The Pr'8 AS 


me 3 (" dl 
Qn) 5) Pac) St 


SINCE THERE 1S A POLE AT xXFY WE NEEd TREPRINCIPAZE 
VALUG OF The InTeEorAL, A Word fAbouT The PRINCIPAL VALUE 
of fN INTEGTAL 1s 1 OrdeR. Suppose | Wher FO CALCULATE 
PQotx) , Than 1 WANT TO EVALUATE 


This INTEOrAL BRLOWS uP AT Y=X So LET ME BACK Off 
ON €\mer SIDE of The POLE HY Aw AMOUNT € ANA 


TAKE The SUM of The TWo PArTS, |1.€ cer tid of ef The 
TroubleE SPOT by LETNNG GC GoR TO O INTHE LIMIT 


o> & 2 ee : fe ae 


| +o X-7 
2 IL . on : [-dncx)]} | 
= | - Awe + dn Cx+1) - dn cx-) + bee | 


= dn (4%) 


DEPENdHCE ON E DROPS OUT AS IT ShOULD 
if we WKE EQUALS AMOUNTS ON EIThEr SIDE OF X. Thus 
We hive A LATCE POSINVE ARG bewse ECATEN by BH 


EQUAL buT NEGATMVE AMOUNT. The PICTURE LOOKS 
LIKE 1 


NoTNc&E Whe 


IT TNS OVT ALL ThE Q's conThniN LOGAMTRMIC Terms 


PLUS OMET POLYNOMIALS. TRE Q'S ARE vSEht To Physics As 


They come tN white A WAVE 1S GENECATED From A Source ALONG 
The ¢- AMS. 


| have noT MEwTONEed The OMhER SoLUTNNONM TO The 


RADIAL EQUATION, ThiS SoLtuTION IS) ASSOLIATED WwiTh EXP AGING 
FoR Richi, IN TiS CASE fncn) © 1 Aud Fol Py Cease), 
Is A SoLYUNON TT WE DifFerenn Al eq Uinon. This 5 LUTION 
obTihns When There fre ChArGES cCONCeYTY ATED fff The ORIGIN. 
Fr ot chfvee n=0, Po= | Aid F= Yr. We sPphericAL 


whve 18 SYMMETTIC SPhericAtlr. 
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For TWO ChARGES AT The OftoIN A — AVA + chee A 
DiPoLe 18 FSormMeD with A UVnt Electric POTENTIAL VARITON. 
The AWooLAY DISTYIbUoTION GOES AS Pi C0080) = cose. The 
NExT Possibility If n=2 or 3 chARGES AT The ORIGIN: 
TWwo Pluses fwd | Minus, This hAaS A More comPpLtcAtéed 
ELrecic PoTewTIAL; IT Fats off AS Yn? Awd ANooLATLY VARIES 
AS 4% ( 30os*@ -1) 


~ ANOULAR DEPENDENCE 


So TR We hme NOT WORRIED AbouT Any YQ or 
AZIMUTNAL ANGULAR DEPENDENCE WhAT IF The PISMbuTOW 
Pepeds on Po Then The DriiferenNAr EquaATMON becomes 


Complicated bY _1 dtF | However, This 16 The only 
Ricind at 

Term whith DePawds oN GY so WE KNOW F MusST bE 

PropornowAL TO ITSELF, 1€ F = ASINmMe + Besmy, 


Thus The More GénwerRAL SOLUTIUN FOR F is 


= 


i Php Vnre (An) BO) AmAmYe 
Pe“ (0) 1S The fwhloe of The Léoewdre PoLrynomiAac 


For omen cases of m#o fd is ReunTed TO Pr Coxe) b¥ 


™m F ™ m 
Pe (eose) = Came)” Ad” Py cx) 
dx 
Pr’Ccose) 1S cMLEA The ASSociffed Leoendre funNcnows. 


LéT’S Look AT The fANOLLAT DistmbUNON For Some speci Al 
QHSES. First Fort nso PoCcose) = | This IS The MmuIAl CASE; 
THERE (5 NO ANGULAR Perpendencé. NEXT N=l CONTAINS Three 
PosSintiNnes M=zO or | KOT mM most BlwAYS bE Less Thaw 
or €ouil FO N. Thus we have 


nN =| M=0 P,” C cose) = COZ Oo = Zip 
me. Pars Pi Cwse) = SIND GSD - Xn 
= SiINesIN® = Y¥/ft 


Tmese Three TUNTNONS AE Umiguve In THAT They Conrmin NO 


DePaonence on HE déehwinon of he X,¥,t coordinaATE SySTEM. 


Twat is ANY TrAwstormATNoN cAN bE exPREessSed AS A LINEAR 
CombinANnON of The frbove Tnveéé FUTONS, 


| 04 


Now LES Look AT N=2 ThiS THE Tere ARE Five 
Possibil ines M=0, 21, r2 


Po — Bowse@ - Yr 3et-n° 
of 5 2 &* 
P, 3% cose Sine DSP EX/r 
Po 3 cose SING SINE ZY /ne 
Pp 3 sin'@costp@ (x2 ~¥Ypr 
pe 3 SIN*O Sinz AXY/1™ 


There 1S ANOTHER Usetol RELATIONSHIP RETWEEN TWO PopTS 
pehned in SPhEricit COordIN ATES War should bE MennoNned, 
The wetunéd fwele Getweéey The Two PodINTS, Or , 1S 61Va) 
BY 

Cos Oi = COSO, COS. + SINO,SINE, COS (H, - Gr) 
ThiS cAw bE Ex PrésseD AS 
Pr CcosGir) = a ci! Py C256.) P,” CusQjee 


Cntm) | 
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FOURIER SERIES 


| Mow waAwr TO INTYOdUuUce The subveECcT of Fourier 
SERIES bY DIScUSSING fF Problem Which FourieR Homsect 
ATEMPTEd TO So.ve ANd IN We Process DEVELOPEd The very 
USEHL Ad ceverAl cowcePT OF fourier SERIES. The ProbLer 
DEALT WITR fw ONIitermM Yod of CExoTr @, The QuEesTnon 
WAS To dETErMINE AT SOME LATER NME tT WwhaAT The PEmperfiure 
Would be AT Some POSITRON X - ASSUMING The INITDAL TEmPErAgre 
DisyibumMow ws Know At to. 


ME ProbLEM required SOLVING The DitterenNAL EqguATION 
vores een 
et 
which SIMPLIFIES To QT . ,aTlxt) If we consider A ONE 
DimewSionAl fod. This J x* ot DifferenN AL EQUATION has 
A SPECIAL SOLUTON Givew bY TCX,t) = Fx) g Ut) which we 


Cis TY bY PLUGGING INTO The eqgufAmow. Hfwe Do WE GET 


$"cx) q(t) 2+ fx) q' (t) 
DIVIDING Mroveh bv Fox g Ut) Wwe WAVE 


Poy zd 4) conse 
¥ x) ‘ g tt) 


Since The e€gunmon im Ff DHES NOT DEPaAd ON t we 
Mmusr require ° WAT FOO 7 fox) 2 CONSTANT Or THAT 
f(x) bE ExponenTIAL, It we TAKE WME CcOoNnSTYWT TO be -rk 
MEN 


z 


4x) =Apurkx 
IN GewerAL 40x) = Anu kx + BCOSRK but Lo Am requIrING 
T=0O AT X=Q Md X20 Thus CokK ChwNoT bE A SOLUNON AT 


xzo, AT X=aq we wawt f@ =O Tres swha =o which 


Yeqoires WaT A= MY, Solvino Now for g 4) we hnd gt) =e 
a 


The sotunow for TC(x,t) Is Then nine 
TCX,t) = A SIN(ADx) @ 
A WS A ConStimT which hrasn'Y been Dehneno y €T. 


t 
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LET'S Look AT This SOLUTION for A couple ot VALUES 
of N fwd see tt We CAw under stand WhAT iT TELLS 
Us. Firsr LeT n=l At t=O Thew me nod has A 
Tem Per ATUrE Protire TWAT LooKS LIKE The followine: 


AS Time ADVANCES ThiS TEMmPErATURE Profle WILL COLLAPSE 
EXPONENTIALLY 1.¢, ALL fmPLITUDES ALONG X Go Down ProporinonAtery 
WiITh A TIME CONSTAAWT  % GIVEN bP AYye. vis The TIME TO 
Téduce Tne Amp inde ‘7e,or 368 of ThE oftGINAL VALUE. Nore 

Also The pbiwcky GQ The Snewer Me TemPEerATuRe FALLS ott. 


Now LET NAL Mev AT Txt) = TCx,0) The distribotion 
LooKS LIKE : 


+ 


Tay ; 
i 


Sin 21 ¥ 
a 


Aen AT A CATEr Mme t TRIS DISTMbBENON IS 
EXPONENTIALLY DECAY bUT WIh 4 TMES THE FATE ot The 
Nel wDisTribuTNon. 7 Nw becomes By ye . 


WhaT Would happen if We IWINAL TeMPErATOrE DiSTribuTion 
WAS NOT FA SIMPLE SiInUSOTp? How would we Hheoure out 
whRT MWe TEemperfmure is AT A LATEC Time t 2? This 1S WhAT 
Fourier wf ted To KNOw, HE toond OUT aT IT WASD'T 
NECESSATY To VESoLVE The Problem OVET fhld Over AOAIN, To 
Understand what he did we MUST MAKE VSE Of ONE ImMpornWT 
PropeTy of The Linetr DiffetenTmAL EQurmon W'T= 8ST. ThaAT 
IS fF TiCx,t) Md Trx,t) ARE SOLUTIONS Then Ff Meo 
combiwATNOnN OF WE Two # IS ALSO fA SOLUTNON , THAT 1S, 
T3 CK, t) = AT Cx, t) + BTX,t) 

Thus WE CAs Now ADD Whe N=] Add NE2 SOLUNONS 
C\VEN FAroové To ANd A NEW SotuTowW Whith has AN 
INITTAL TemPerATuUre DiSTrtbyuNMON MArnT LOOKS LIKE 
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Jix) = SIN TX 4 Sm 2X 
a oO 


0 a 
x 
Now AT A&A CLCATET THE tT THIS DiStrbUTNON DHEcomES NORE 
Pad More LiKe The n=l DiISTrIbDUNON DBHECAVSE The nN=2 


COMPBNENT IS DYiwe oft A Tere fAsTe Tnm Te nz! 
PAT. Thus AS The PASS The LowesT order Sere Term 
SUYVIVES, Tne DISMbuNON LooKS more SY MMEyYIcAL Awd DIES 
of £ wilh he TmME constT of n=l. 


FOuner ConClLupeD JnaT ANY smooth Temperay RE 
DismibeTon could be written AS The Som ot fF Series 
of SINLSCIDAL COMPONENTS of DifferenT AMIPLITNdES fd 


DIF FETEUT Mode aaa hE. 
EN 
TCx,t) = An SiN ™H @ "O* 

nel 
If The win hl TemPerttere DistribuTION Is Know Ve FCX)= TCX,0) 
Then 17 cfm be expressed AS 

So 

fexd= 2 An SIN (mH) 

n=) 

Whar Kind of foXCTNONS hive ThiS SPECIAL ProPerTy of bene 


EXPVessiblLe AS MWe Som ot series of SINES ANd cOSINES, Also 
how Do We compute WME An'S , be The CONTT IbuTION of 
EACh ModE! 


Fourier wonced what Mme Ar'S covtd he RETRIEVED 
by We fOolloWING MEéeTMod 


: 4Ux) Son mur dx = E An \" Avia (MF) Sin (HF) dx 


The INTEOrAL of The PrhS WAS Mme wonderfl Propaty of bEING 
otf m#tn fwd 1s A if men. The Proof For Mis 1s 
STY AIG WT for ward 


a. = 
j Am Cntr) sin(mnx) d = | 4 [ cos Ch- may = 0S cng) nx | dx 
° a a L 
a a q 
zi { = A (n- gg si Stn (ntm)iix 
& ] icm-n) Womtn) a 
° 
= - 0 = O tor meén 
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Wis 1F men me IANTECrAL 15 NOT DEF WER SO we MUST 

Redo jf 
j SINNNY sin MIY dx hy q 
swim dx = ( 


1 cos tmitx dy = 
o 2 |a 


vig 


Thus we have War 
a Tt 
Am = = 9 Fox) son Coe ca 
The Am'S fre CALLEd The coeftficiavTs of The turer seres. 


Not MAT Tne CocficiguTS fre found we must Nd Thé 
FcKy'S. EssevMAlLy ALL Smooth , SiNeled UALUE TVNcTIONS ARE OKAY. 
Thr LACKS MBMmEemAncAl rigour but MW WOrKS. THE MORE TETMS 
That fre MmKken IN The SERIES The berreR The AT TO The 
ACTUAL function. 

Fourier'S THéeoren. 
| wfwr TO RETUCN TO A MORE COVEFAL APPROACH Now 


of fourier SERIGCS, | hAve SOME. Periodic fon CTION Tx) Awd 
lwAadT To EXpresS 1T IN Terms of Sines fdd CosINES IN The 
INTET URL - © To +¢, over This 404 


INTETUAL FLX) cAW be Expressed AS 

Fix) = 7 Be t Bicos UH + Ba cos ty... 
c 

+ Ai Sin nx + Ar sumimy yo 


Where Tne SING fild Cosine coefticienrS ARE GU bY 


-o ° ac 


€ _< 
Av: 2) tex) Siw mmx dx Bn> 2 )_, Fx) cos nm dx 
-¢ c 


This #8 CALLEd Fourérs Theorem of INVErMNG A SERIES. Me 


MAThemenciAWws found IT hAtd T betLevEe whe IT WAS FST PrOoPKED. 


AS LONG AS Tcx) nas A nite vumber of Disconnmuines ANd 

IS SINGLED VALUE, ThiS SErIES EXPANSION IS VALID. NoTE WAT 
Fix) repeats every 2c. Furthermore if cx) 1S A SP MMEMICAL 
funcnNoN ABOouT X=O ONLY THE Cosine Terms RO&AN. IF FCx) 
IS ANTI S?M MEY ICAL ONLY The sine TETMS REMAIN. 


[09 


Let'S work oot fw exAmpre ot How fF FuncNon 
IS Expressed th Terms of A Fourier Series. 
The toll owine 


LET F(x) be 
4ox) 


Fox) =-] for X20 
fcoxy= +t far xX vo 
+1 


x—> 
FirsT We'll FIND Me 


An's; worice Tne function 
SYMMETYIC So ONMLY ME SINE TErMsS 
Anz 2 


1S AnT,- 
survive. Thus 
Cc 

nix 
7 on Fex} SIN me dx 
For x <0 SObSNTUTE FLX) 2-1 


fod fer X70 Ler TCA)FHI 
' fc) 
An = oy ~Sim mx dx 44 

-c Cc Cc 
AlL we hive down iS 


JvsrT prexk tx) op 


SIN TK dy 
o Cc 
CONTINVOUS PIECES. TUALVAN NOS The 


IWwTO Two 
A's 
i} 
An > ty f cso | [ - 2 
for C= ] 


C 
cos NTX 
aoe sna | 
Aw = 4 


n y 
}- C71 -(¢- +1 -. oe 
= y= C-4) {? &Dreeay 
This 18 © If N= EVO fd for fed odd n The An 
become A. . Thos 4(X) becomes 
| 
> 4 swt + 4 + 4 SINSX +--- 
+(x) = SIN wD zy S INST a 

A Physictt EXAMPLE ot Tris Funcnow 1S 
TUrNineG VvOLTRoE ON Ard off, 

Two 


A switch 
MORE USEFUL 
fwd AWTY 


FUNCTIONS 
SYMMEMICAL SAWTDOTKS 


ARE The SYmMMETICAL 

Fix) 2 & - 1S | cos x ++ cos 3K y--- 
Tl C. are 

ne 


(< 


Cc 


4 ; 
LEX). = eee ~ 5M EEN +tsn3ny ,_. 
c 
mG 


|| 0 


There hAS beew A Lot of MATHEMATICAL DISCUSSION On 
ThE convercence of Tre fourier Series, ThE QuesTON 1S 


ATTEY SY¥mMMine To A LArce N fwd Then Stopping how Close 


To we COME TD FCX) Wt, how im porTWsT 1S Tné resp of The SEerics 
Thar YOu Threw fAWwty As AN ExfmeLEe Tne square wAVE 
FUNCTION hAS A ConvE@TEeNCE BUT PYOdYCES AN oVErsShooT which 
reAches some LimiNNo VALVE 


_ MEL Shoo! 


There 1S A WAY Around We overshoot DIfHcULTY And 
TRAT 1S To ATTEMUATE The AMPLITAE Of ThE higher order 
Terus. Thus Meir effecT 1S LESS ANd The LIMIMNG bEhfvior 
of The SEVIES 1S Much SMOOTHET, We cAN PUT A FAcrOr 
Isto The forter series And -have 
4¢x) = Z fn ¥" etn 10H 
2] 


As © — | Tre WNCTRON 1S) APProMChEd IN The LIMIT. The 
SETIES SUM ThEN LoodKS LIKE Whe FOLLOWING: 
You cAhw'T AlWAYS ExPecr Tre MATHEMATICS 
TO ctvE YOU TNE TIGHT AWSWEe. You MUST 
under ST¥wd The Problem you AYE TYY ING To 
solve. |f The APPLICATION of Tis fourier 
SEES yWVOLYUED SOME Threshold DETECTING 
CivculT, The OVEShOOT Pheyomenft could bE QUITE 
TVOUbLE SOME “USING The Y- ATENUATION METhdOd would b& reguired. 
ON The oTherHAwd fh You JUST Whsred The Aven UNdEr 
SQviKE Wihve Tre OvErShovT Wovid NOT be Avy Trou bLeé 


StmCE AR POSITIVE AWG NEGANVE OVEsShdoT CANCEL ERChdThEr OuT, 
FourieR SERIES have A Lot of vuSEefvl APPLICATION 


ON€ Which 1S INTEREMNG puT NOT offey Used iT IN SUMMING 


Semies, For Exfmere if | hAD Mme SERIES 
es + J + mA + > ety =e a = S 
i+v® +2" 143° 14N° 


Al 


icfw Find S  usiwe Fourier ApALysis. Now Suppose MERE 
iS Somé Function Fon) which Ye Propucég The AbOVE SERIES, AE 


2 Ftn) = Feo) + FCt) + FC2) + --- + Fin-!) 
n 


EACh twtecer chh be ExPressep AS A DELTA FUNCTION SoLléT 
Me Dene Cox) AS : 
. 2 CoH) 5 
Cex) = F&F Scx-n) 
A2BO 
if wE consigpeR Fin) To BE A FuNcTion ae 0 
of x Then we caw feTrieve Mme Fins bY 


\ C(x) Fox) dx = 2. Fin) 
yn 


We WAST ORLY The n's doa $0 The sum ow SBCxX-n) From -co to +0 
MUST be cvT In HAF So 
+0 
Ccxp = = EZ §ca-n) 


nzo 


The Funcnon FCK) 16 Evew, 1c FEX) > F(“x) So The SUM S$ LOOKS LIKE 
Se Fo) ee (eu FGR HPO) + Feo) e FCI) 4 Peay ee ) 
re oy 
7 a Flo) + | Gcxy Fex) dx 
oO 


The Sern Funcnom caw be expanded AS A fourier Series between 
~‘iv twat tle. Simce SOx) = SC-*) WE have A cosine SETIES 
ccX) > & Stx-w) > 2 Ybe t bi COS 4 + br cos the tome 
where Tne coefficiawTS bats ATE GIVEN AS 
Ye 
baz 2S Sex) cos RAK gx = Z 


- Ye 


Theretor € © 
Cox) = rE Z cos 2k xX 
=) 


WE SUMMATION Formutr bECOMES as 
w 
S: 4+ Foo) + on Fox) dx + >. \ FCX) 2 costr hx dx 
Ae) 


c.) 


Now You have To DO he INTEGFALS Which may NOT bE AS EASY 
AS SOME OTHE Technique, BLT Sometimes iT 15 Awd whe iT tS 
This ApPYOACH 1S QuITE AccorATe. AS FCX) Gers smoother md Shovther 
The SETIES CONVETGES IN OPLY A Few TErMS. 


t i t 
~at -4a qo 


AS A Problem Find The Sum S? J[4#e€ +e +e role 
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ComPLEX NoraAnoN oF FouryER SERIES 


| Now WANT To IMProve The definition of The Fourier 
SEfIES bY WOKING IN comPLEX woTAMON, The fuwcnon F(x) 
e& nn 
becomes Sex) = - ane < 
NnN=-a 


Iy TWis woTMon UIT 1S EeSier TO Work ovT Whe mAThEMANCS, 


To find Me cocticiauslS we have 
€(n-m) WX 


7 fx) Pai dx = 2 Q@,le dx 


c 


Here of Th RHS 1S AN oScilLATOr Y €xPOMENTIAL which will 


NOT conTMIbUTE AVYMING ONLESS min. WE GET 
-O WK 


4 
Line = : fcx) e dx 


Wo Fcx) 15 A FEAL FUNCTION Then ITS COMPLEX conJU GATE §¥cx) 

kK _-tnnx 
is VEN bY F¥cx) = EAnw e@-''™ since Foxy = F*CxX) The Two 
SEMES MUST be EQuAL WMeetore Tnete cocthcreNnTS MUST be EQUAL 1,¢ 


The Qr's musty samrsty Gn at, 
The ENERGY WMeEeorem 


One vusSetvt Theorem IS cAlLed The ENERGY TMWeorem which 
\WYOLVES The AbSOLUTE SQUARE of Fx)  4E. 


S 4 t * wae a cr enny we 7 fe Mnx 
Get). Fox) Fu cx) dx = me HAnj eS Gan fe © dy 

Now recatl MAT Cuny  ~ omny 

me ‘2 ite * dx = Sam ] for m=n or o1F vn FO 
Twus we have 

« 
+ j Fix) F(x) dx = =F aya® 
¢ 2 ie 

or E: ie 1 Fcx) | ae > 2 lan = | 


PHYSICALLY WhAT TMWisS MeéenwS If IF we hAve A CompLlicATE WAVE 
which CAN be brokéy up Into fA LOT of SINE WAVES otf di fferinG 
AmMplLiTVdES, Gn The InTewsity of EACH WAVE), The TOTAL 
ENEre? CAYTIed 1i8 THe WAVE 15 The Som of The Some 

of EACh COM powewT INTENSITY, The SUM of ALL The SQUARES 
MUST EQUAL 4,42. Tne TOTAL Ewerey w he WAVE 
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You Should be AwWhre of Pour ExPANndING POwEeER To 
SoLve PYODLEMS. RecAre we found for A SQvuAre wave Me 


SEVIES Ex PAWSION WAS 


Sox) + 4 ( am +4 sin ih + é sin 22% gb Se 
The AVET AGE SQUAVE 1S EQUAL To 1t So 
Wot te BEE Ke dk eden ds be 
Twus we have Found 
hed fee Pe 
ae 


There 19 A GeNerMIZTATION TO The ENEGY Jreoren Which 
is worth KNow Avd Wnt is oien HX) fwd g cx) The 
En Er 67 is Give bY 

x 
ra 

ae ae Fox) a¥cx) dx = 2 anbn 

oe Atk / 
faye 2 ner gixi= Ebne ” 


4 


wheve 


RETUCNING To The Quesnon of CONVERGENCE AGAIN 
WE chp DY A bETIEY Job Now, Suppose mat FCx) 1S SEES 
ExpfAwded over The jnTeruAL of ~1 TO Tf Then 
F¥cx) = Lane 
Lets Wt To ANd IN Terms of FOX) What Succ) 1S Where 
N ois) Some Awite Number where The SemMMINne STOPS. Fu (x) tS 


N cnx 
pnehwed AS Fo (x) = & Gn e€ 

n=-N 
Tne CoeThICIEeNTs Afe GIVEN by ee ew 


Qn = ty o e 


N cnx Ti -twt 
: 1 e fit) dt 
Fucx) = 2 cS = \. 


t 
Ect) dt 
So WRT 


IT WPPEATS THAT Tries fre Gemno worse for oS buT If Wwe 
Pol He IWTEGrAL OVT HoNT Then WE have The Ceo marTIC 
seniréy 2 Pa which chp be wrilTeW AS 
=n : 6 (Nth) Cx-t) CCN) CxA-t) 
ec 
e~ nh OKt) e ext) 
Aud simplisvinG we have 
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T 
i ea 
Fetxd = ax | Stn (Nt Yr) Cx-t) Fit) dt 
-1 Sin “2 Cx-t) 
This SAYS To TRKE FCt) Add fidd TOOETHEr WiITh ThE WEIGHTING 


factor of Siw cnte)Cx-t), jy The case of Flt) beinoe A 
Sim MCx-t) 


STEP FUNCTON we have FA formutlA For nd ine The Overs hooT 


PS 2N 
Frcx) > i tee Spm CM #42) CxX-t) d+ 
SIN “WCX-t) 
WIN 


FOURIER TRANSFORMS 


So TAR we h¥VE TALKEQ ABOYVT FYMCTNONWS Whith were 
RéepresenTEd beTween -C And C. |! AM NOT INTETESTED Iv LETNNG 
The vPWee EXPG)d To co And ASK if There IS STILL A ePRESENTATMOD 
of The Fuwcnion. The ANSWE {3S indeed es bYT IN order To 
MAKE ThE represewTMon More ExACT 1'LL weed fi Lode ot mie 
To Keep ThE ExPong@eTifAl Power from bOIWG To ZEero,.6.€ 
AS C0 NMoOST ~~ @&, WH WE veRPLAcCe NH by W A NEW 
Number They AS C¢ INCrERSES W GETS closer. 1 MiSs process 
Bre coefficiauTS of Gn frre converTed To & functon ot w, Pw), 
While Whe SummaAton over n- becomes Aw INTECLAL OVEr Ww, He 

2 > § de C$) 


Thus We have for 4x), 
ee ame Wik ds err ds 
eS ey 
Where 2C an = Ycrw) 
This REPFESEWTAMON of FLX) INVOLVES The SUPERPOSITION of 


AN INANITE NUMber of oscillaToryY waves. Ih Wwe wAayT To recovER 


Giw) we NEE To €EVALOATE 
© 


“tx 
(Ww) = 2COn 3 j e 
? = fcxl dx 
Tis 1S ME thyverse fourier TY mvstorm. 
IN The wew represeuTYTION Me ENETOY Theorem becomes 
% * * + ( * ry i WARY) dw 
j fex) f cx) dx = a 2eGnar’) = ) AnGn dw (%") : g MONE ¢ oT 
i] 


-o 
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SotvinG DiFFEREWNAL EQUATIONS bY 
FOURIER TRANSFORM TECHN: OVE 


SolLune LINEAT DITFERERTNAL EQUATIONS WITh CONSTANT 
cocthuenTS 135) A common OCCUrfEeNnce W PHYSICS ANd ENOEINEETIUG. 
KOY Technique which MAKES The TAKE GHSIER 1S APPRECLATEd. The 
Norma Equfmon invowes pernvATvEes of Some VATIADLE 4 And 
CAN be exPressed AS 

ra ee 
dx” 
The RHS IS Referred TO The INHOMOwGEWEoss PART ot Di Hern at 
EQUATION. The HOMoGWwEOVS EQUATION 1S When cx) 20. AS Aw 
tahmpre of The oDifferernaL EQuATON 1S 


"i 


ro) dor X40 
ze ™ dor xo 

A livnesr Ditterennacu eQuaAMoNn has The preperry ot 
A sotvMon whith 146 We Som of PIECES. For Gx AMPLE 
Lov) = LCV a thy = LUCY.) + LC~r). This ProperrY exists Whew The 
CoeTFICLENTS Do por DEPENd ON X, 


any dy 
dxt wae 


There Are hundreds of wi$ Jo Sorve Tes] EQUATIONS 
Which chy bore You DEATH. BuT Since There 1s oNnl¥Y ONE AnSWe 
The EFsiesT way TO Wat Avswer tS MOST ATTVTACHVE. Founey 
aravsforms Ie VEY USEDL JN SolUING These Kinds of PrODLEMS. 
The PriNciPLe UPOW Which Wes Tehwigue 1S BRASed 15 
The 1468 of cepresmtiwe A Fuwenon Fix) by & fovrrer Transtorn 
Giwy Sech WHAT 


= tw, 
= e Cw dw 
—_ i Monn? Say 
pifferesmATNG Fix) we Find WAT 
“mo , CW duo 2. Pass 
F'cx) = hes oe oS Por) “1 tex) 


lw oMmerwords pifferENTIATING cA be SimPLIED To MuULTIPLICANO:! 
DY %W. ThEN The Probie tS feduced To one of floebraic 
MANIPULATION, 


lo 


The ALGEbrAIC MANIPULATION CAN Go 


boTR WAYS bEWEEN 
The fFoNcNon , ITS TeAsfOrm, ANd bACK AGMN, CONSIdDG Whe 
po lLlLow ING TWO TYAWSTFOrMS 


a WY 
Ctw) = \ 4 ox) ef dx 
Yow) = pcx) aes dx 
We EFErow WAT a Brrr 
iw Yer) = rae (Hye dx 
but ALSo 
-c¥'Cw) = 


( -f vox) a dy 


Rewernine wo Me DifterewNAL EqguATON, tf we mucnPlr 
bom sides ot ©  * dx And wresrAaTe We o€7 
F G@nctw)* Yow) = 


- Otw) 
We cAwdehne PCiw) AS 


Zancew)™ which is A POLYNOMIAL 
im CW. WE CAN SOLVE for YCW) Thew As 
Yw) = 2) 


Pccw) 
we Wave The fourier Whi storm of Mme Answer So We hftve 
To tr erSform BDAC AAIN 
yk) = ew) 6" dw 
OD =PCcéw) call 
A ser of THbL|eS foe 


WORKIN©S& OUT 
iS very VYSedur. 


WhAT Wwe formally 
iTS THAN Storm, 


CwWX -tw x! id 
YCx) = ) —. \ (x') @ dx’ dw 
: Pcéw) g au 
order of  wTecrANON 
, €4DCX =x’) 
Yor) = ( gexty dx e Aig 


Pccw) all 


Nese Founmer Travstorms 


wWAvEe TO Do 15 
IM For ecw) 


SUYBSNTWTE 


lf we CEVETSe The 


DeEhne : oP 
pow reer ae ( Packs x') 
To evALWATE Rix-x) IT IS wecesshrY TO CAicuLATE Tne INTECFAL 
of A POLYNOMIAL, The EASIEST WY To Po WHAT 1S be RESidvE 
Meort ANd coNTOUS INTEOCTANON, 


Swee PCLw) 18 A POLYNOMIAL 
IT cA be WITTEN AS 


li? 


PCcw) = GnClw-Hi) Cow -hr) --- C&w-ekn) 


We witl FITST ASSUME NO 2 fOOTS ATE Te SRME. Thus 
EVaYTNMeE we have A POLE AT % ,4r, ~-- Hn, WE NEE 
To DETECMINGE ME LrEesidYVE. Tye residvEe IS WE POLYNOMIAL 
MASSING The POLE AT Which The EUALVATION IS MADE WITh 
The TEMANING POLYNOMIAL EVALUATED AT tW= ka. AS IT 


wrns oT : 
tw ~dyr ee | 


Prcw) ene 7 P'Cxn) 
so TWAT ME SoLonON TO The DifferaH~NAL EQUATION 1S 
k 
= m J Ancx-x) 
TEX) Zz P' laa) 2 . 


fw 


= Té8Sidve 


qcx') dx 


AS mexvnoned efruer we cAN wire The SOLYUTON AS 
A Sum of PIECES; One PeECe CAN PLWAYS be The hOmMO0GENE0US 
SOLUTION, We LCi ye , LCP) = Cx) hen LCP t Pr) = OCx) 


ThE SolvuTNon be comes 
aa X 


x 
' ~ Xn x! Aa 
OS ). e aca) dai 72 Ane 


An xX 
Where @€& 1S Me honowmecous SOLUTION. 


K 


There t& fro~OTWErT WP TO wriTe oOVT Whe pitteran Ac 
EQuimon which is ofteynmes sete, If WE ose Tne 
NoTAMNON WAT Dy = AY ax , Med ThE DiFferennAl €O vATIONW 
pb ECOM ES 


2 Gnd” LORE. = go 
OF PCD) Yon) = ¢ 


LeT’S wolK ouT f& SIMPLE EMAMPLE of A CiNEAr 


Ditteresn er EQ UIMon of he |” Deoree. Consider The FolLLowmNG 
ELtecyicaAl circulT 


Where Ein 4s THe inpueT voLT AGE Add Gout IS Me OYTpyT 
VoLTAGE. The TIME history of CcITcCVIT IS Elven bY 
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RC d €or + Gout = Ect) 
dt 


D:idYVdtr we ch write 


LETNNG 
(Ro D +1) Eoot = Ein 


rere PCD) = Ptr) = ReoD tl. 


a = -a 
Re 
ThuS There 18 ONLY | FOOT ANd P'CK) = RC. Theretore The 


SoluTON is 
‘ | “Tre ct TR ! ‘< 
Boa =. oe \ @ Ey.ct)idt the 


SOLVING For oa We hfive 


Ure 


To Go on we NEEM WE INIDFAL Condi Nons of MWe Probley, 
= €w =O At t=O. Wen 


Suppos € E oot 
ae -t + t! 
EovuT = ec © a s e 7R Em Ct) dt! 
AS ® Ctrecd . tee 4 
~t/ +! \ Bi vq 
redar se .a eS PF eM ewitidt 5 @ ™ € Guilt 
dt Re = 
3 8) 
AnoTher EXAMPLE 1S To EuLUATE Stm) = ae dt 
if we differauti ATE Twice we have ss 
Sim) = (ot simmt dt 
Irt® 
fddine Sctm) TO bDOM Sides 
-S"cm) + Scmy = (2? otmmt dt = /™ 
The Probler 15 Then 
sim) -Scm) = ~ ‘/m 
or ALTECNATELY 4 
Y"Ox) — YOK) = 7 K F GLA) 


IN “D NoTATON we hove 
Dt-}] = ~Yx 
PCD) = Dt-) . FINdING he voots we GET 
A, > TF! ae | 
So TWAT OP’ (K) = 2D 2 ANd Ploy) s -2 a 
' be +x! 
Yix) = e* Riga dpe! de deg (© dx 


C 


where 
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We iNTECrALS cAhvNnoT bE GvVALYATEdM DIrEctcr bwWT 
chy be expressed AS Ervor IWTEevAL ES PrevlouvSL® Discussed. 
Thus Scm) cAW be coritrew ft 


Sem) > + Ce™Eccm) ~e "Ecomy | + he "1 Be” 


If -Scm) = Sc-m) by symmetry we deduce B=-A , ALSO we 
KNow AS M—>a The OSCILLATIONS MUST DAMP ovT SO B= A200. 


Now for Me cite of DOVOLE vooTS we Must ADD 


AWOMer TAM TO Mme SOLUTION. Twat IS ef Dte1 has 
Tne doubL— root eke! , NE SGLUNON JIS GIVEV bY 
Ytx) = iy an Cx x!) ane Pree ail ae oo sae are 
Pox) 
We POLYMomMIPrL PCD) witt NOT ALWAYS NWfAve rear mots. 
IN suck f CORSE AS Dtz-) Where De Fe poT a= +¢ 


ANd Go Ahead. You will GeT sines fwd cosines . If ThE Awswer 
has fF roolS THEY will APPert AT The id. Don'T oer N&ftvouS 
WITH ExponeayNALS ANd complex coefhciaTs. 


IN order Wo epfwd oor KNOWLEdGE we will TALK 
BrictlLY About Ditterrenf. cQuAMONs with vy frrifroLe coef cients. 


If Gow) 1S We forter Transform of Fra) Tne The follow me 
Fravstor mnnows hovp 


roy Prw) —> ES) 
ctw)" Fru) —> Ffcx) 
& pit) —- x Flr 
— @“wW) a X° FcX) 
CWe +——> a 
dx 
ta. Soe oe 


Tnus we seG WAT HvrTPrywe bY tw 1S MWe cQuivftevT 
To difterenTiANNe IN X% SPACE. Con SETVELY differ @TIATING 
IN lo SPACE 1S EQUIVALENT TO MULTIPLYING bY KX IN K-~SPACE. 


120 


We ctw USE The Techn; Que of DifferHTIANNG IN wW- SPACE 
To SOLVE SOME SPCIAL Now-LINeAr DitferANAL EQuAMON. For 
EKA PLE | SYPPOSe WE WANT TO SOLVE 


dty 4 AY 20 
ax> 
Betwse His 1S NONLINGT Wim X TO FifST POWER WE CAN TrANSFOrM 


Pruid ET eo ae 
(iw) Yow) + ¢ d Yow) 26 


dW 


We hive feduced The order ot DitferenN fl EquAMON by ons 


SO 17 19 efsicR TO Soe. WE can soLve tor Yiw) And o¢ 
dY¥tw . _ a 2 ce en 
eh F cwrdw —> Ytw) =>Aes 


Mow To Rnd YCxK) We Musp JrAnsfoRM back 1 €, 
4 3 ‘ 
Yox) = A j Brres: e MPR: 2h 
Un 
This INTECFAK 1S TeLATEd Fo ThE Bessel funcnow ot 73 ordek, 
Somannes cALLEd THE Pres | yteorAl. 


As ®& Problem Tr? To Sorve 
x dy + dy x Y =0 
dx* ax 
\ Shootd PonwT OUT WAT DivErCasT SOLUTIONS DO NOT 
a 
have Founer trANSforns. For example Ae” has Nor F.T. 


1 WOW pAnT To DisceSs A CLASS Of BLACK boxes CALLEd 
AMPLIF\ETS, The Mmplifer WAS We propsT? 
HAT Cour 18 CeMMTEd TO Emit) by some 


Quest iTY q | Somemmes veterred TD AS THeomn = ,, papurer |e 
etme a Ce NE eo 
Eour = d Ean 


hAS fe Number of PropETIS ONE OF Which IS of TEN 
LivemmtY, Traras it Fict) as PUT IN Tnev Fi is O07. 
iy 2 1b Frc) is iN Thew Fi cs out so WaT FPirfi iw 
GIVES Fi t+Fr oot, SumPLY STATEd He you Double The IN pot You 
Double We OVTPYT. Ths is fF LiINgcAT AMPLhEr 


bed 


The AmPLINer hAS Tne Property ot beipG DME IMUATION?). 
4 fot i om At € Wen FCt) iS 007, The The sAmPle 
SIGNAL 1S PUT IN AT time tte /mhe Sime OUT PYT 4S 
obTfined. 


The AMeLhE cA be ANALYZED by InvesnoAMNG ITS 
Benfvior To & SPeciAL HN CON, Me derm HNcmONW, which 
Permits dedocine The resPonSe for oTher ww Pot FONCTNONS. 
fF we PoT fA derTA ANCTMON Whe OLTPVT will LooK LIKE 


5 tt) int : 
Rt) oot 
SOMe Properties benwecen Sct) Ana Rt) ARE The forlowine 
SCtrto ) — R ct+t.) 


b § Ct-to) —_—> bR (t-t) 
S ct-ti) r8ct-tiy —> BUH) + RC 4-t2) 


(ts) $cé-t0 —> Plt,) Kitt) 


The id te WE AYE DEVELOPING 15 bY PXYOTTNG A Whole bonch 
of date hecTNons Teena Efh AT ditteRan TMES 
Pod of Ditterent? AMPLIDDES WE cAY conSTrucT fi? wave 
PACKET YOu WhnTt, Prau's we cA wt TE 


i 

For (t) = J§ Ret-t') fiw lt') dt 
ONCE We FéSPONSE TO fy ImpuLsSE IS EsTAbLIShEd IT 
IS POSSIDLE TO SOLVE ALL SODSEQUET EQLATONS GIVEN 


ME SYSTEM TYhhwsFer foNCTON. 


(az. 


MORE ON ThE AMPLIFIER ANd The cAUSAL 
IMPLICANONS ON The TRANSFER FUNCTION. 


Lar THe we srArTed TO DixusS AN AmpiFier by 
USING Fourier TrANStOrM Theor?. | wit TO CONTINUE THAT SobvecT. 


BASkALLY AN  fAmPLITer INVOLVES TWO FUNCTIONS wWHich 
Are CELATEd DY some Sher FUNCTION, Somcnmes referred To 
AS A erew'S fyNCTNON, Rt). THIS IS The response of The 
fmeliheR To AN impurSe INPUT. A TRbLE of INPUT ANd oT PUT 
FUNCTIONS 15 vSefl TO sUMmmted 


IN” fun chon OUT FUNCTION 
S(t) — SermA RC¢) 
§ct-) RCt-a) 
§ £ut'y §ct-t') dt! \ 4t' Rett) dt" 
These ferAmonrshiPs imPLy If | INPUT A SIGNAL WITh 
comsTAwT frequency wie Eimn- ef5 > Ther 1 WILL GET 


ouT The SAME frequency but Amplified Awd Perhars PHASE 
Shifted, nc Eur = Acw) e?") The dowcenon Acw) 1s complex 
soch ThAT ITS MiouiTde 15 cAlLed The fmputicAMON while 
The Gnneinary PAYT YierdS A PHASE Shift. Acw) = \Aco| ert 
Acw) iS often chtted The Trawsfer funcmon of The AmpuieR. 


If There fre ALOT of TWeguewcies AT The iPUT Then 
Ein = Geo) CT fdd Tre ourPeT will DepEd oN The 
pmapiinde of exch of The wividus COMPONENTS, We mus In TEorATe 
over ALL fFEeQUENCIES TO GET Tre TOTAL owT RT SIGNAL 


cwt CWT 
d m) 
§ Gu) € ie —=» J gu) fiw) € de 
WE Cts STVdY MiS behAvior IN More deThIL bY YVSING 
The eT That 
Sut) = § fur) Ret-t') de! 


‘ éwt! ; ‘ 
Noo Ler Flt) = ef** such Wat The TrMmster is \¢ rit-t jdt 
BY fédchpine ME TYME bfse TO bE Y= t-t! we cay write 
The INTECTAL AS 


, ou -cwt 
a ‘ e Riv) dt 


123 


cwt 
Thus tf Ewe ee and 


we have found Twat 


The Greer NNCTHON RC) 
TY AWSTORM 


In The CASE 


MAT - . cust dw 
Em = Flt) § piw) € ee 
Pid Quod) = ‘ fir) O° de 


To tind ESuT | 
‘ot 
Eout = 5 gw) Aww) e- a2 


z j Let’) dt RCUt-t') 


Eout = Aw) € 


sw 7 
= . Acw) dw 
Rtt) \:¢ w ) sa 


‘wt 


-cwt 
Aww) = i e R(t) dz 


crs be found bY Mme = verse 


MANY TreQuenuesS ATE PRESEXT WE have 


j [ ( fut’) et [Age 42 


IN otder T PROCEed We NEEd TO TAKE Tre fourier Trawstorrt 
of Tre PRoduct of Two fuwcnonS. Mis is A vusEefdl Contéer7. 
$o LET ME GEYYFALITE by cALLING ThE Two PoONCNONS Ft) pads g Ct) 


boTh have FLT.5 3 Flt) ——s Flo) md 


Then WE WANT . 


g‘t) —> Glw) 


‘ £t') ae ——> Fw) Gtw) 


hme Prodec Fit’) git -t') IS CHLLEd fF CONVOLUTION. IT IS 


USENL IN MANY CASES TO EISh frround IN The 


W-SPACE Which 


have efs? FAT) S SINCE The iTecrAL reduces TO muLTPLICAMoN 


of Two SUNCDONS. 


JN Summary we have esryblished THAT The chATACTERISTICS 
oF mM AMPLIFIER CAN be @bIMreEd by KwyowinG ITS LESPONSE 


To frN 
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IMPOSE Of TO A Sine whve of dehwre Freguercy. 


iT \S  \NTETESTING To STVGY The CASE when RY) 29 for 
240. Wis iS &STMEMeNT MAT NO STESPONSE WILL OCCU UATIL 
AN INPUT SIONAL IS ApeLIed. This TrEN AS A STATEMENT OF CAUSALITY 
find meres That ACY) nay cermp charA OE istics. WE Repu le 
\ o -Cw'? 
wee J Rutye dt =0 


S¥psMTUNNG FOR RC%) TiS equAtitY becomes 


° ‘ oer tw 
ee Aw) et ei © ge dw 
The ikteorfrt over T chp be EvUALUATEd bY PuITINE IN A 


€ —— 
converewe dactor e°* Core 2 £0) Aid TAKING The bint] 
fS E€ —> 0. Thvs we hve TO GAL ATE 


é CCw-w')t Et F 
ng 
| S-2 ¢& 7 
he INTEGRAL CAP bE EvALYATEd AS 
We a 
un 
€—>0 €¢(w-w') TE 


PotTinde Ws BACK INTO WME INTEONMYL 


& ‘ : 

haw j kus') db O/r4 Te) 
Cree Few'=03) Fe 
Ths cAN be wriTEN AS 


"4 A cw) dw! dw'/274 io) 


wer Serge -cC€é 
Pod MWe INTEGTAL 18 IN The form of FA cON VWOLUTION beqweEa/ 
fiw, frid + 2 its ¥F. TFT tM nme SPACE tS JUST 


w- uw 
{c-t) RCt) +0 
Where {0(-T) 1S The UNIT STEP FuncTON Which iso for t40, 


The condiMoN on Atw) IS THAT iT hAVeE No SINGULARINES 
pero We Real Axis. Thos dor RY) TO be CAvsAu ACW) IS 


MoT fitbiTYATY buT rather GATIST VES Te criteifR[Y of No’ POLES 
be We FOAL Ayis. . 
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The wopon oF A comPLEed Frequency , We Wat 2wr 
1S very oOSEedVL here ANd TO Porsve IT 18 worthwhile. W 
REPTESEOTS A Wve Whose AmPLIDdE 18 Chiinoine ExpoweuNALLy 
With TmMe. If wr is 70 the = fmpuWde IS decAp ING wih NME, 


Now ft COM PLEX Foucnon cfm have ft SINGULARITY cALLEd 
fF pole. This is A POINT HT Which The ruction 1S ASYMPTOTICALLY 
INTNITE. A pole IN # PphysichL & FuNcTION REPTESEVTS A RESONANCE, 
Which (S & Frequency AT Which MWe AmeLide of O8cILL ATION 
becomes IPfivite for A dvivine force of Anite AMPciTuUde, 


Auy Physicht S¥STEM WAS ff “Memory” which LAsTS A certnN 
WHILE | IT 1S impossible ThaAT fF Physical SysTem Shovld hAve 
PRE COGNIZANCE of EVENTS TO come. This 1S vosT A STHEMEWT of The 
PRINCIPLE of CAUSALITY, The ONLY why A PRYSicHL SYSTEM CAN leh 
ACWIEVE INT NTE fAMPLITUde 1S The YESULT of ITS Memory OF AN 
WHNITE driviING force AT some EArLier TME. SINCE A POLE REPTESENTS 
whe fmprited of oOsciLLATON for ft Finite drivine Force 5 hon ce 
IT MusST ARISE from fF force “haT we hAS EX PON wT) fFLLY decreASé€d 
from INANITE Amplitude AT 2-0, This impres The drivinGg 
force HAS Ff COMPLEX fregoEeWltY WITh PposiMve Wr. Thus The 
POLES of A REAL SYSTEM MUST LIE WW The upper HALF PLANE 
of The compier Hequenty SPACE, COrresSPONdING TO decAYING 
fmMeLiTOdeS, SAID ANOTHEr WAY Tre OSCILLATIONS OF ALL YERL 
Physical osySTemsS dechy NATULALLY With TNME , The Teson ANCE 
frequencig) fll hAve Positnve Wr fild LIE IN The UppER 
hAcft PLANE. 


Ref, OoncAt Physics | S-@.LIPSOM ANd H. Lipson , CAmbridce LU. Pres. 


Lets wow deduce Some Propernes ot A by LMNUETICATING 
The LIMIANG behtuioe of The INTEGrANd. LET'S wriTe The 


Factor sh ve As The Sum of AN IMfoiwir’ Ard rear PAT: 
wi-W-e 
ae o wi-w e: 262% 
i Cwi-w) +c cw'-w)* té 
© FEAL) CimhOin ACY) 


The behavior of THESE AWNCTNONS Look LIKE 
© TEAL 1M f GINATY 


TWe ree. PATT IN The lLimiT Goes AS The PINcIPAL VALLE 1.6. PV ar 


SINCE There Are EQYAL DisTANceS ON © ther Side of The SinguLttriTy™ 
The iMAhoiwAart PAT behtves AS A detTR FONCTION AS E€ — O 
white The AYER Goes TO W. Thos we hive PF The LIMITING 


Yes ULT ; 
" ess... - Pe + ¢t §Cw'-w) 


\ bs 1 
U-W e-ce Wi-w 


Thus if | UNdErSTANdD The PFiINcPAL VALUE 


idéA | WAVE A resuLT WAT LooKS UIKE 
7 | dw! dus’ 
O= Atww') Pv 1 88 + ea \ Aces’) Sw'-w) aH 
—a& ay'= WW) en Un 


The IMAGINATY PATT IS EfSY TO INTEGVATE; TO 1S gust ¢ Aw), 
The real PART NEGdS TO be INTEorATEd ALFOUNd The 4 
SINOVLATITY AS 
oe @ 
i *+( Aco) Pv 1 dw’ 
i wt s Wi-w 21 a 
Tis iS A LITLE DifficULT TO INTECYATE So dor The momen 
LeT Me wriTE HE fesuoLT AS 
px Aw) py t dw os -~¢ ACw) 
eas wi-w Ti 


| 27 


Now ACW) 1S COMPLEX So WE CAN wriTe IT AS 
The SUM of A eft And ImMAGINATY PART, LE 


Acw) = Arcw) + & Ari) 


And from The Prevovs fesutT we hAVE The condinonw ThAT 
Fog Twe rear Parl, 


OQ ' 
he Ancw') PY dws Ary) 
wi-w Tt 
Thus civew The reat of IMAOINATY PrrT Tne OTHEr CAN be 
Solved for. ThAT 15, for The réeAL PAT 


- fe Arco) Py L -de! = Apcw) 


fin exfmece of THESE reLANoNS WHICh hve bEEeW 
CALLEd The DiISPESION RELATIONS The INdex of refraction 
of LiGhT IS USed. IM This CASE Tne IMAGINAYTY foNCTON 
COrYrEsPONdS To The fd SorpTion Throvoh A NEd)A WhILE 
The rete PAYT IS) The redvAcnon IWdex n. From Weseé 


reLAMoWS We LEirN ThAT nN vaArieS AS A FPNCNON oF HeQuency, 
This PhenomenA tS Referred To AS ChromAnc AbELYATION IN oPNcs, 


MLL = Give ONE More EXAMPLE of Tne use of Fooner 


Series before | LEAVE The subvecT. I'LL wogk ovr AN 
ExAampre of hear Flow. {| Wit SOLVE Fre ONE d)mEewSionAL 
hear FLOW E€qQufinon 
Text) ~  Dhcxt) 
ax ot 


SubWaT TO The INETIAL CONdITON ThAT AT t=O The FreaAT 


DISTTIDUNON IS GIVEN bY FLX), bE TCx,0) = FLX). Novo fou rier 
TrALSFor Mine “TCK,t) we have 


ZLx,t) = ‘ e°** Tex,t) dx 
Vix, 0) = = Wk) 
The difteremfe eEquimon becones 
-kt vck,t) = de 
dt 


fd 
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This EPYATION [S$ MOW EASILY SOLVEd AS 


= za 
tcAat) = e€ ore Ack) 


Where 2 ko) = ACR) = Gch). Then teh, t)> P(k) | 
Smce © Tas uke A Transfer funcnow we can iNvVerT IT TO 
Find Shee 
T (Kt) = je Zht) ah 
2H 
Ng eRe hyde 


Since Der) > ne Sex") dx we chm Rewrite The 


EKPON GOT] AL 


Aud FinALly 


DISTRIDUTION. 


AS 


eo tlk + ¢gee Tt 2a 


- cx-x')* 
TCxX,t) = ae © at ex) dx’ 


Wis 18 fF COnVvOLUPION INTEGFTAL IN X by A GAUSSIAN 
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PART Two 


l wit Now ChANGE THE SubJECcT And sTRRT TO 
DISCUSS A SERIES of NEW SUBJECTS. WhAT | hAD IN Mind 
WAS TO Go ThrovcGh The FOLLOWING LIST PASSING Trfoveh 
SOME MORE CADILY THAN OTHERS DEPENDING VPON ME INTEREST: 


DIFFERENTIAL EQUATIONS 

PARTIAL DifferenTAL EQuATIONS 

CALCULUS Of UPRIATIONS 

INTESFAL EQ VATIONS 

HATVices With APPLICATION TO WIbRATION Theory 
Eioenvatues of elineAr DH. £Q'S Add INTeoraL E95. 
PerTur bAMION PMbLEMS W LINEAR SYSTENS. 
PROR AB hyty hhh STATISTICS. 


DIFFERENTIAL EQUATIONS 


* dvitecernaAe ECQuANON IS AC RELAMONSHIP beTWwEEN TWO 
VAFIRDLES SAY X And Y INVOLVING deRiVATVES of ONE 
with respecT TO The oThey, 4£ AN wt EQUATION IN Ky, dy, 
In GemerAL Tne Lower The order of The EG uATNON, KE BN ae: 
The n of The dernvanve The GASLER The EQuATION IS TO SOLVE. 
UsvalLy IN ATTACKING A Diff. CQ. The WE STEP IS TO REdocE 
he erder by one. There is ONG CASE, The LiNntir Diff. EQ WIT 
CONSTANT = COEFICIENTS, Where ThiS COMPLICATES The SOLYTION. 


n 


Ey 


Se 


dx” 


\ with covsider WHE PObrem Solved Wh The soluTioONn 
NAS been Reduced To MW iNTEOrAL FORM. IN MOST CASES ThE 
DSF. EQ CMWOT de EXACTLY Sorved. ITS only IN ThE TEKT books 
Ther you avd Solvfble Probléns. ['LL rsT Fotlow “TAdiNor 
by DIScvsSSine SOLvAbLE Probrems. You witt seé THAT 
soLuine piff. eg. REeQuIreS A LOT oF fepline Round TYING 
jo find The éfsiess form Sor solVinG The EQuAoN. 


FIRST ORDER DIFFERENNAL EQuUANONS 


FiRST oRder Diff. Eg's. ARE of The form + (xy, 3) =O. 
OR MORE COMMONLY EXPRESSEd AS dy = Flx,y). The moST GENERAL 
fest order Dit. EQ.'S) ARE NOT SOLU AbLE” The €QYATION IS SOoLV AbDLE 
if The fyswer is Reduced To QuAdramre. OTTEN TIMES The bEST 
tpprmofch is To MAKE A TAbLE of Ky , and dy/de ANd CoOmPpuTe 
The SloPe fer vunriouS INTere8NNG vALUES of xX ANdY. AfTEe 
You Aud how fast Y chfees Wh x ,¥00 cin REecompurTe. 


The Diff EQ DOES NOT compreTery dehne The foncnonAl 
SoLunON Aid IN GENErAL you N€Ed Some ARHITFATY CONSTANT 
of INTEGYATION- AS The ordér of EquAMDN INCREASES, You WILL 
Né€d fF CorvesPondING Number of Such CONSTANTS, 


SOLvine DifterewNAL EQUATIONS by SidyIN@ The chArACTEr 
of The SLoPe for uATous vAttues of x 1S OFTEN QuiTe 
INfocmANVE. This Ider hfS been Exprnrdéed find 18 CHLLEd 
PASCALS DiftorAM. Here for EAR VALUE of Y fild x You 
PrAw A LITTLE Slope of omT LENG. ATTer Drmwiwe f LT 
of hese LITLE Slopes you Cid Join Them up ANd GeT A 
See for The solution fild ITS dehttvior 1M UATIOUS REGU REGIONS. 
ThE LINES JOINING Whe VARIOOS REGIONS ARE CriTNMcAL SdLUTIODS, 


Now we'll INVESTNOATE SOME MEModS of soLUING EACTLY 
Those €QuATMONS Which chin bE SOLVEd eEwACTLY, 


case L : NO Y, a = F(x) THIS tS wwTeeraATed Direcriy 
CASE 2 - No xX dy = Fcy) INVerT Add inteors#re AS L 
dx dx = I 
ay FC 
Then X= S dy ” 
Fcy) 
CASE 3+ FOGQ¥) = - Magy) with Special condiToNn at = ay 
NOXx¥) oY Oo 


TAS 15 NoT A VET? USEPIL CASE SINCE NOT MANY 
Eg uAMONS =hAvE TiS Property. The DH. €Q 1S 
SovvffOlLe = SINCE By : ~4 —> Mdx +Ndy 20 
And if = QCx,Y)  SATISH ES 
= 3 9 

Where M=9% fd N= 29 

3X | 
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We sotUNON TO CHSE BZ IS JoSsT 


Pex?) 2 J mdx + KCy) 
iS AW EX fmpLe 


dy 2. ~ Pte Ly Wrxydx +O xX) dy =O 
dx [+x 
ISTE STATING ac yx +Kr +Y) =O WE CET 
yxtxt+y =C of yr SrxK 
|+X 
cAse 4°: dy = Qty) = dy os dx 
dx F(x) qcq) Sx) 


IN SOLVING Not ONLY SirsrT order ber frlSo hiv her 
EquAMONS \T IS SOMENMES YSEHL TO ChANOE Me SCALE of The 
EQUATION bY Chfwoine v ArifbLles. For Ex AMPLE Cons Dar 

au 
ye = a 1 

\f X IS chtweed To ex ANd y IS ChiOED by ALIKE 
Amount CY THe Schre 18 PRESeruEed~ Such Mm EQGUAMON 1S 
HonoGeneuusS Or iNUATIAWT TO A SCALE & TRAWSSOTMANON. IN 
Such CASES The SobsTITUTON Y/x = Vo CAN be Marve. The 
scale ChimGE 1S x => XC fd V—->V . Now rh we vse §=Anx 
ZscAles AS Xthna Md T scmes AS Vi The tern of The 
Aa fferaaD he eQguANon 1S NO 

dv - f(y) 

dg 


Aid ONE VATIADLE hAS been removedain Ths case §, 


a 


As AN eEptmere y= VX dy - 


dv eyez ve +( = dv s d 
as vevetl $ 
As potter En AmPle 
qe x ts Y coes AS XX so If xX Cx 
3x Y g ~ cg 
he w = XV ANd § = Lux 
3 
dx'v . oxy 4+ xtdy = x +X 
dx dk X*V 
2V + dv = +4 
as ty 


ya 


The Linear I order aitferernAl EQuATION hAS 
The CIEFAL forn 


dy + Pex) y = QCx) 
JX 


Aid HAS The GO&VETAL SoLuTONn 


~ cx) Fcx') ; -F(x) 
yeu € sre @ ex') dx + he 
A 
Wheee Fox) = §* Pex") dx” 


FoR @Q=0O The HOMOGENEOUS CASE The SPECIAL SOLUTION 1S JOST 


y sas A e FCX) 


Once WIS EQUATION 18 SOLVEd WE CAN ALSO Solve 


dy P be a 
aa + Cx)¥ = Cx) 
aay) Q Cx) ¥ 
Wnich AS rewrifer§ AS 
dy pex) 1 = Qcx) 
y"dx T ae 9 


A SPEUAL cARER 1S cALLEd The BRICCATT) EQUATION 


SY 4 Acx) yt = bex 
a ) d ) 
ThiS cAwaoT IN GEeNEerAlL be Solved beT IT 1S UNUSUAL 


whAaT YOu CA do wiTh 17. We cAWN rewriTe I(T AS 


Now Ler ¢ = SF aexydx' so at dg = Gcx) dx 
Men we have 


a t go = gos) 
Now ler yg = 1 dY = W! | dow'T Ask Why You do This 
WY ax y 
JosT a0 1T! Then We crn WriTEe ; 
a ee eres ae ee ee a 
ax Y y ax y 


Which IS writen AS 
dv 2 ge 
ae oe 
This 1S Now LiINneEAT in P fiNd SoLuAbLE buT Whe order 


IS INCENSE TO SHONd., Siwce The HpaAl CQLATION 1S LIKE 
We whvVe EQUATION THE SoLuTION 1S Hore FimiLIAR TO US, 


re: 


PROPETTIES of HIGHER ORDER EQUANONS 


We Wive Alvetdy Discussed Liver differeuTAL EQuATIONS 
WIM cowSTiwr coefiiciests avd found Ther chy AwwAYS 
be Solved. The Cfse of NONLIVNEAY TDiffererNAl EQuémons 
IS ANOMer MATTER Wich We will PISCUSS IN PE doLLOW WG 
CASES. 


CAse |. No Y , Fey gs, Xx) =0 
Reduce order by LemINe We?! 
cHse 2. NOX | USE 4X/dy same AS detere 
Ft 
CASE 3. EQuIMON hAS ROMOGENITY 9 PdP PIP 
ae aq” 
case 4 a = +e) hernmpcy by q Then | NTECrATE 


dd 


. x 2 

av fa) PON 

CBE S gr fey! + gem gi 20 
divide ouT oe 


Liner Diff EO IN 4 buT thohér order. 
nr71 
Pace dtP fe Paes CK) do fg ~~. Bye dy ily = OG 
dx ~ dx" ax t BOY sa 


If 9=O We homo ceweorS SOLUTION CAN be vSed Fo fidd 
The NOW homo GewEo"US PART. 


SOLVING DIFFERENTIAL EQUATIONS Nu MERICALLY 
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SOLVING INTEGRAL EQUANONS 


A EXAMPLE OF A LINER) HOmMoeEencous INTE esAL 
tEquéMon IS The FotLowine 


= 


fo = f° e" ly uy] 4 

° ) y 
Here MWe | NTECrAL CANNOT be DONE SINCE IT INVOLVES 
§ (xty) which IS WHAT WE ATE TY Wo TO find. TYPICALLY 
Then INTESrAL EQUATIOWS Are SoLUEd by The MeThOod ot 
ITEVANOM . This 1s A mMAThEmMaATCH WAY of SAYING THHML ANd 


Error. You hive T GvESS A Hx) Then Plwe IN TO WE IMTEOrAL, 
EVALVATE TMneveEcALCuLATeE Fx) fiid Try feof, 


ThE 1S A SMALL CLASS OF INTECFAL EQuUATONS Which we 


che cer mid of TOhKT Awhy. This invotves Aw cQufmon 
of Te ¢ocm 


for = AS KOGy) Fd + Gea) 
Here KCXP) ts cALLEd The Kerwec. Av Exfmpre would bé 


fixy= Je Sandy 


This iS Reterved AS The disPLACEmesT Kerner | KCOX7¥). 
Mow The 6ASMST chy TO Proceed 18 TO TAKE The CONVOLUTION 
ot TWiS INTEGrAL. TwAT 1s 


J 


P : _cy-x — chery chy 
(eo Fux dx = gun =r)" sen Ds fy) dy 


OR ck) = \wek) x Ae) 

Where wok) n ‘ ele ¢ ku fig. 
Th én a A +R 
Ok) = € 

1- »w0k) 
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AnoTneR EXAMPLE 1S 


£0x) = bo Ci-xy¥) £7 cy) dy 
= §, $y) dy - x Se y fcr) dy 
= & = 
Wheté 


xD 
c= §) ce-dy)® dy 


D= Jo yce-dy)3dy 
AqooTner = EXAMPLE 


tS 
C 
fixy= J, coscx-y d 
Lrty 
> c0sx ( £09, dy + SINK j su, dy 
i rFoy d+ Foy 

= Acosx + Bairx 
Wh &re- 
SowTN on 


A thd B MUST be Numerichtly SOLED And The 
ITECATED. 


137 


CALCULUS of VARIATIONS 


New | whi To Soe some Probtems of A DitfeTenT 
Type. AS exAmPLE Suppose =| hAYE A STING And | 
WANT TO EYCLOSe Mme mAximum ATCA. What ShAPE DOGS ThE 
sirimo TAKE’ ThE AYEA IS Given AS 


Ay 5, fix dx fx) 
A is Then fF number Which dépedds on A 


dD 
SopycTon. Wwe cate A A: fuUNCTONAL since iT x : 
DEePevds on fx). 
AS fAWwOMmer EXAMPLE SOPPASE | Throw A bALL UP IN 
The pir. WHAT PATA WILL IT follows The ANSWer IS Tne ONE 


Tir MAKES Tre TOTAL €N croft LEAST. BUT which one tS Mat’ 
We witt dehwe A New Tem A, The ACTION , which 1S thé 
TAME INTEGCHL oO KE-PE. Thus 


A= 0 pect) ~ myhio] de 
The Probltw iS Tm ANd he wre which maAKes This AcnOH 
Minimum. To DO This we MUST MAxIMIze The INnTeGrAnd. This 
mems THAT if 4X) describes The actual PATH of The BALL ThEN 
40 X+E) 18 2 order IN E/E you cAw Go off The Penk of The 
hit iN fey divecnon ANd por ChfNoe Your SLOPE, 


SuPPose “Man Kit) §8 The formon Which MAKIN IZES 
Tne wreotind. Net Wy hit)= Bt) +ylt) Which 1s StiowTLy 
diferent fyom We corvecT PATH. Then ovr CONCITION becomes 
AChivd = ACHCE) |] + No I order IN N 


SuBsTITUNNG Tren fh Wet) | we have 
ACh] = JU LA + - mechan} dt 
= 5 LE bh - myh + mh - myn rat] dt 


EXPANDING 


WE Now WANT 


ffm -mgheey] dt one FE order i y 
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Thus we require 


(; 1) may - mg | dt = 


WhiICh cAN be INTEGYATED by PARTS 


Beaty Yds ~ \F wh Lt) met) - F mg not ot 
2 ) = a Cm A(t) + mg ) Nit) dt 
THEN we have oe 
h(t) = -% 


TiS 1S The EXPERTED VesoLT of A PATTcLE eM FALLING IN 
A orruiTAnonAL Frecd. 
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More oN The VATIANON PRINCIPLE 


| MEnMTioNned CAST TME how ThE VATIATNOWAL PINCIPLE 
WAS VSEFL IW SOLVING Probiems. i'd LIKE TO NLUSTTATE ThiS 
by WoerKING OVT AWoThER EXAMPLE Ths TIMé IN ELECTFOSTATICS. 
Consider TWO GYLINDRICAL ConDYUCTOr which Are conCerTric, The iwWner 
A vAdios & 1S AT NK POTENTIAL Vo While The ober dF ridjus b 
1S AT O POTEMTIAL. The POTENT AL Q berween The 
CondocTOCS CAP be GYITE COmPLIAmTed DEP AWdING 
ow Tre surface chitee However The ExACT QP © 
Is The one Which Minimizes The ENETCY 1.5 ' 
Which MAKES The Ewerey INTEGrAL MINIMUM 


E = € { we) d VoL = Kininum 


This Exnetey iS The everoy of The SYSTEMY Which IS EQoAL 
To CV where @ Ws Tre cAPACIIMWCE. Thus SINce Vo IS fixed 
we cw Tind C. 


The corre frswer For Uy we Know, 17 1S A YR 
VANIANON sech THAT We exact valve fore 1S 
C= tHe 
An “/a 


We MichT See how Close we chy GET ThiIS finswer by 
TAKING A THAL @ which iS NOT Tre correcT one. LETS 
SiesT TVy A Lin eArLy dG ECreE ASING FiBL, 


Q= V C |- Ri) 
C 1- %/b) 
Sub STITUTING Awd INTECTATIN © we GET 
Cun = bra 
UTeo 2Cb-a) 


AmotTner Guess Meh) be A Quadratic FoneTnon | 
Q@=>V Lit «a 8) ~ cin (S| 


Cbh-a b-a 
Our Problem 15 To selecr The best curvitvre or & from 
The Timicy of PAYAbOLAS, 
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WELL Procetd by COMPUTING The INTEOrAL 


V9=> VLa ~ eer) (are) | 
C 


as b-a) 
VQ = Vi LK - Cink) Ca-a) 7* 


7) 
b 

Ge s ‘ V~ Dk - 2c1-«) (Ae) 
a 


z 
znrd2 
Cto-G) 
INTEGYAMNOG ANd SOLVING for C 
Coe Ge eee eae +darrd/ 
UNE90 ek aC 6 3 ) 6 S 
Now | N€ed TO PicK The K Which Mmestees Minin tes 
This FUNCTION. Thus To Find Cmuw | differewN ATE C WRT & 
Aad SET EQUAL TR O. Whey 1 do’hAT | Had 
a= - 2b 
bra 
pwd Tw auy } have 
Cem = b+ 4abratr 
2 €d 3cb-a) 


Now LCT ME ComPATE TWESE TWO fESLLTS WIT The AcTOAL 
value for Sfancs for ditterast virnos of PMfa. 


b Carve Cc Linger C quad 

Qa 27 €o ZT éo Ui So 

2 1.4423 1S 1.446 

4 “721 833 0-133 
ne 434 612 -415 
100 , 267 .SI 346 
1.5 2. Yoor 1.80 2.4067 
1. ,0. 492070 10 .500000 10.492065 

Thus for smALL 


Differences iN b Ad Q The TWO 
TAS work WELL WITH The Ouitdr AMC TAL bane EXCEPTIONAL, 
IT IS OmLy whtY he rdTio GETS UP TO Wo TO! ThAT 
The Quhamme model BrefKs down 
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The vimimonAL PNNGPLE Finds many APPLICATION IN 
IN PHYSICS. Jr IS Very PowerdyL Whew The Problem INVOLVES 
Mo Lesses. Mfry Probtems HAVE MINIMUM PFINCIPLES AS Thor 
BASIS. 


You MiohT be iwterestéd To KNOW Tht The MAKWELL 
EQUAMONS for free sence can be derived from A Minimum 
PrinciPle SIVeEv A VETO POTENT AL ACK ,t) Add A SCAL me 
POTENTIAL Dex,t). WE AMON IS Minimum for The System Which 
obeyS Mitxweit's EQUANONS. Thos we MAY WriTe 

cL v u 2 v 2 
Ss = on ~ 4, oh - 49 2 
) ( , ce + (VAY = ae, + (VAs) poe -79 ape dvdt 
Hot +S LCAT) - Geldvdt 
OMmer MiMiMeM PrinciPLEe's WvoLVE LiGhT Which Tikes 


The MimhMuM TAME Between TWO POINTS - Fermat's PRINCIPLE, 
Shroedinegr'S equanon Also ObeyS A MINIMUM ENEroy 


PYrINciPLE : Lu i 
Bete 5 (+ [vy + Vorx2) PTY] dVoL 


Eis Minimum for ALL Normalized whve FONCNOMS | AL p's 
which samsfy = J pty*dvuor =| 


MIATRICES 


A mamix is tw arrhy of Numbers LAyed ooT IN A 


RecrtwWele Shape which SAnsfy CeTHN COMBINATION LAWS dnd 
recAnowshios. & SPeciaL CLASS vf MATIICES 


iS The Sov fre 
MrTYIX Which we'll deAL WiTh. 


The matrix iS LAyed ovT IN 


YOW COLUMN N&DWwWOrK 
where 2 


de@solS MWe Yoo pumber Awd 4 denotes The column 
umber. The efch eLemesT 1S deooTed by fy Qi;. Thre 


INDEX 2 fd 4 boTH von 7D N so Tre MATYIX IS 
DIMENSIONAL NXN-. The frmy iS DWNOTED AS QA 


Now Wo frvthys chy be fdded 1 
Qa th =e 
i Gis t beg = Ci 
The Product of Two MfMYTICES IS GIVEN AS 
@b =e 


where Cig z Aip bp; 


AS AN Ex Ample OF how MiSs Mv LT) PLICATON 


MULTV PLY Tne FolLowine Two 
— 
74 . U7 + 2s xg + 2:5 | : he 16 


| 1 4 
7 2 5 ¢ 47 +365 4-4 + 3-6 Mo -ies 
You AlWwhyS GO AtYsSS @ And DowN b whe MULTPLYING. 


For PYACTSE TAKE Tre followmwe oor matrices fd Show The 
FoOLLo WING 


woRKS LET'S 
MATYICES ToGEThER 


eels) HCP 5) eyeCas)> te [ 


fe) 


TWEN ox > oy = oF gq S: | : Oe oy 2 oo = ~ Oy Ox 

mo OMATYIX = MULTIPLICAMON The ProducT Ab 158 ditt erenT 
from ThE Producy ba, Theos you hive TW be chretl whAT 
your DOING. 
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’ 


AM EXAMPLE of MAITIX PLOLTIPLICATON 1S Linear COordin ATE 
TV AWSTOTMATION. Suppose we hfe The SET of coordi nAmes 
Ki, Xa,Xs3, --- Xn whith fr A Lx N PecTHWOuL AT MATT 
More COMMONLY AA IXM MMTIX 1S CALLEd AVECTOR. Now 
A New SeT of coordinaTeS CAN bE WHITTEN AS A LINGAT som of 
The Old Coord ATES, 


KX, = On ke 4 Qe Mae ee 
Xv = Gru Xi FGA Xe t+ 7 


Xn > Amiri t --- = Qunkn 
TWis iS A SQUATE MATYIX Where 


‘ 


rae oo. red 
X; > ZG; Xv 27 Xx 7 iS x 
Thus we CAN Twink of MoLTIPLyINeG A yecTor py A mitrix To 
PoducE A NEW VECTOR. [f we made ANOTHEr TrAwstormAT ION 


hofin SAY xX" 2 £b: re 
=o ci ry 


he ANAL TrAnshormymon jnvotves TWO TWhwstormmition 
X" = aC. bik Gri ) Ke et 2 CieK: 
The CombING TrfwstormM ATION Cf be expressed = AS 
C= ba 


The order BEING first fF TRitwsformATION by @ THEN one by b, 
Awomer way OF winne This 15 
Dees) = DeR-) DCR:) 


Proceedine On iN DEH IM ows ine TEM INOLOGY. 
The unit MATIX 1S) defined To bE 


looo 

$ij > ey ee S| 

o010 
89001 

The veitr wmATIIX hAS Wt Pra perry WAT 


to =@2:+aT 
Tws LT 1s SMD FO COMMUTE. IT fottows THAT 


Z. Scr ha = Acs 
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HounPrcTON of A MATY IX by A NUMbER IWuotvES 
MutT PLY ING Eich <iueM eT by MAT NUMbDER, hE 


eo = py 
The wero MATIX 15S The Nock mMATY ix : 
O = ( 333) 


The reuiProcAl of A MATNX IS CALLEd The Inverse mrnITK 


) os Avi Xy —> X= Z2Q,; x; 

J do 
Ay 1S Whe rEeciprocmt or inverse of Q@ And IS DEenoreD AS a 
IT 1S True TWAT aa 2s 7 


2 Ow 
MATTIX MOLTPLICATION IS AssocifmMve 
a@Cbc) = Cab)eo 


MITix *ADDMON 15 


pe, 


PisTYTi boTNvE 
aCbre) = a&b+ aC 


MATT IX MULT PLLUMON {IS cOmMUTATMVE {Ff 
ab => ba 


The CoMMUTATOR of @ ANd b is dédived to bé 
Ab -bq = Ca,b] 


The Trmspose of Q 15 
T t 
& = (a )ej = OGG 
he WMhvsSPpose INTE CHANCES Whe OWS ANd COLUMNS whit é 
LEAVING The MAIN difGOon AL UNCHANGED. 


The Hermitifw fAdJowy a* iS dediwed AS 


ry — 


* 
(a*) iy = Qi = COMPLEX CONJUGATE of ajc 
A RAL MAK HAS REL ELEMENTS; 
ia ae 
A Symmetrix MATYIX Is) ONE Which EQUALS ITS THANSPOSE 
+r 


Q=2 


— 


ee 


A HERMITIAN «MATIX 18 ONE Which EcouALS The 


COMPLEX contuGATE Of ITS  TYANSPOSE 
Gs qr 


— 


kK UNITARY MATIX Ss fmSfies 


Two FACTS WwOotth FEMEemMbETING 


-| = 
Q@b) = b @ 
And ¥ 
(ab) = Far 
We deTem inaTe of A Matix 18 Tne Prodod sum 
of Me ELEMENTS det A 


The trACE of A Mftyrix (§ The Som of The 
diffeowAL ELEMENTS 
Ty & = va Qey 
MWe TrAte hfs The FfortlowiNo PropEernes 
Tr (4b) =Tv Cha) 
Tr Cath) = Tr ch ta) 
Tr CabC)=Tr(¢ab) + Trcach) 


146 


APPLICATION of MATRIX THEORY To 
SOLUING The Poary ATOMIC MOLECULE 


We hhEe bEEw 


DISCUSSING The Theory of MATTICES 
Now LETS 


APPLY WhAT WE hfve L&TNEd TO SolvINo A 


specific Problem. Suppose | NAD A molecule of Some 


shape fd TO first APPTOXIMATION We 


CAN IMAGING ThiS 
MOLECULE Ep ConsiST of A 


Number of DpiscreTe MASSES Add 


SPMNGS,. ‘ 
Ks K 
S Fé z 
KE 
Ke 
4 Neo 


4k, 3 
Each MASS 15) decribed by 3 coordi wAtTEes X., Ya, Bs, Kay Vix ee, see" 
Such THAT The KiNenc EWetey of The system IS GIVEN by 
~ . . are ° . ° 2 
KE > A wii ty, + de) + toe (Xe tye t2e) + 
The PoTewNAL WeEYGY IS GIVEN by 


Vz VEX, br Xa, Ye,22, --- +) 
Now (| WANT To Describe The SYSTEM by A Mew SET oF 
CoordimAtes Which t Sharl DEHNE TO be: 
‘f > fm, KY G2 > Twa X2 g2= Tus hs Sd 
Wim hESE New Of ifibles*> WE MAY write 
KE + 2 ig: Pes Vegi Ge, cued 


if Mme syste IS YM eQuilibriow , he Cwerey TS A 
MINIMUM, If WIS STATE 18 Defined by he &eT of vAriftbues go 
We cCONdITION Which MUST be SATSHEed 15 Vag Ig 20. 
ThyS we CAN EXPANG AbOUT This EQUILI briuM 
PerTuy ANIONS 1.2. LET 
Power Series GIVES 


V> VCR. ge --- Dt SCG - qd %. la: 


sTATe FOF SMALL 
as ae ae ExPAndiNG V AS A 


ae RL, 
Th EGON | 
4j O96 % 

t+ hicher order Terms 
Now ALL first ofde& Terms =O. 


Awd ALL WE TETAIN 1S The 
zeromn Oder fd second 


order Term. If we redehpe ovr vaArAbLes 


Srom The EQUILIbMiUM Gg) Lg ge > 92> 3: Tren onLY The QuadvATic 
Tere TemAiws. 


ay 


lcm simplify Vo by DehnINe The New Qu ANTITY, Coy, 
SUCH Thay C.. = aV 
“ eC ee 
99:94; 
The Eneroy OF Tne SYSTEM Ch M0W be wriTTen AS 
E=: i% qi + PES CG OG 
The SySTemM hAS bEeew rEeducéd To A SET of PATICLES ANd 
INTE CONNECTING SPCINGS. Cij TEPCESINTS The INTET ACTING Sorces 
berween PAYTICLES. WITh Tne TOTAL ENETeyY WE CAN SOLVE for 
The equATON Of MoTION by Hw ANdING The MOTION Which 
MINIMITES TRE ACTION. To ArccompuiSh Ts WE WRITE The 
LAGrANIAN L foc The Sy¥STEM, 
e*2z 
L= KE -PE = ZZg,  - LE%j 98i 
Mow we wAST TO mINIMNItE THiS FNCTIOW 41.2 


a 
j ($e) = 22 Gad Se 
| 


To Proceed LET gi = 9: +R; Where Zi IS The correcT 
ronow of The 6 ™ PArTcle pnd J; 18 ITS PErTerbATION From 
Tis MoTNON. DittergewTIANNG And SUbSTTUTING WE GET TO 
Ast order in N 


: \ (z ge + 2 C5 G ne) dt 2 awl 
For This INTECCAL TO ET MINIMUM The FOLLOWING Cond!/TION 


€ - 3: (t) = Z Ci; 9; ) 


This CondiToN tS A ser of EQuNmoNS of MeoM Which 
SAYS The AcceterAMON of The (™ parncle 1g DLE TO fe The 
sum oF ftL The OTmev forces ACTING ow IT. WS co row from 
| a N There fre No odifteesriar €QuATONS. 

WE NOW WAT yo gIsSCVSS Mme S2LONON TF Mhesée 
EQUATIONS IN MATYIX NOTATION, The Q'S fre REPregewTed 
by A ColuM MATTIX , DOMENMES CHLLEd ff VECTOR, 


$i 
q- (8 
fn 
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The symbol Cy STWds for A Normal martix © 


In ovr vew OTTO WE my siMPLy The €Q uAmows “of 
MOTNON TO 


- 3; = fi 
ThuS TRE SOLUTION hiS The ProPErTy THAT 


ITS Second DeviuAnve 
IS PropornonirL TD 


ITSELF. WE MAY 60ESS A SOLUTION SINCE 
WE WAVE Seen THIS EQUATION EGU before. WE KNOW by STATTING 
The MoTION IN A C&THN WAY ALL The Disturbances will 

TES OoNd AT ChATACTEISTICS frequencies. The Char fcTenSTIC MOTION 
of The SygTt™™ ($8 Described by ITS NormAL modes. These 


NoOrmAt modes , Uc , WiLL be The SOLUTION TO TRE ARbOVE EQuUANON, /é, 
The sfnsty The eQuAmity 


ee — cwt 
g: > uc e 
Now we wilt Pursee The AwALySis iN MATIX POTAMON 
bur LET ME cALTON ThitT The onty wine oF TiS APPROACH 
Is one of ExPENiancy. IT SAYS you PrPEr BUT IT DoEsSN'T DO 
AYYTHING ELSE. You DON'T UNdEYSTANd The Problem fy EASE; 


4 
IN MET 16 YOU frre NOT Chrehe The NoTATION WILL cONtUSE You 
TnuS USING Our MINTY 1% 


EQUA OVS of MOTION AS 


-wi = Cu 2XU 
The Pfrfmerer A iS” feterea TO AS Te EIGEN UAL UE oR 
cio Frequencies of The MoTNOM. Now we need tre ur’ 
which TEWS oS The Site of distwr bance 
we Need T Sorve Ths MATIX / VEcTOr 
CULS AU: 
WIS Cho be wriTTew AS 


rae Cij &; - KU 
THE Problem {5 To soLrve A 3 é€T 


N oNKNownS (The un's). oy Twhit There Ate NoT 


No INdepend EST VaTIADLES SINCE The follow We €QuUAMON 
Must KOLd 


NOTATION WE MAY WriTE he 


of The ¢<2 pode. Thus 
€o vATON 


of LINEHR EQuATIONS fer 
IT Torns 


z. C Coy = r8<; ) Ut; =O 
OR Dehwnivne MWe NEW Mmayix A = © -hK IE ww IT FOrrdws 
WAT A= @  sINceé AG 


The ontY sotunon 702 AO =0 Ome ThhiY The 7rivifl CASE 

of Vzo ts tf A As SinoorAR whith impLIesS THAT 

TS DerermineT IS O. Thos WE chm only oeT A vibr Anon 
if voEeT £ =A =od 


To ESTADLISh which A'S sAnsty TwsS egonemy repoires 
Workine o0T TRE DEeTErMINANT. C 18 GIVEN by The Jyh Amic Ac 
EQUATIONS ANd Therefore KNowN. Thus we most woRK oul 


The d GM Ww IWT of Cay = », Cir C13 ~~ -7 Cin 
Czy Cirz-Ay Cry --- Cam 
Cni ~ rc fe --- Crun- dn 


Ar wosT There frre N vDitfeaT ufives for A. However 
There mary be LESS Hh sEeverAl Are EQUAL or d COENErNTE. 
To Ard Tre A'S we MUST soLv—E A POLYNdIMIAL DT 
beeree N. WE WhT Pe roots of The Poryndniml So We 
ceT iT E€QUATR TO Zero. 


We shalt firsT consider he cASE Where ALL The rooTs 
are DitterewT, Ve shail DewoTE The roots As *") Where 
hm eves Hom | To N. NWeetore The SoLononS U'S wlLl Go 
with f& PAencotAy A vie for eaek XN" Tree is a WS” 
This Sffs for each fegqumcy Were 1S fA CharAcTensTic moTIOM 


or PATTECN Of Vb ATION. The EQUATIONS Which fre Then sATShed 
— (0) So 
frre Lf cm = AN U. 
(Aj tay ,, 4) 
or 2. Coy d; = A U, 


Now welLL Look A some of Propernes of Tis SOdLUDON, 
FivsT Tne solOTIONS ARE ORTHOGOMAL. This Mews MATWEMATICALLY 
TnhaT 2 ui uw =O 
Ts 8 True ony rf n#o_, ie, AFM To. Prove This 
we Show Trt 5 & yo? zB yo uw.” 


J 
CA) 


69) fA) (a} 
Bue cey UP 2 ANE ke 
9) ay (2), ,@ 
Bt CGE Zags 
Now Ccy= Gi ANd NEN EG Ua” 26: 4 Sivte ASK” 
iT most folLow PAT 24; 4° 20. Ts maws @* ove TS 


five Perewdicular TP &choMmer. 
{50 


(a) 


The Property of ORThOodwAliTy 1S VERY usehL AS YOU 
WILL LATED SEE. 


Now fwomerR Properly of The SoLUNON WE WILL nd 
Useful 1S The NuUMeNcAL VALUE of FZ aus”. IT Tucns 
OUT WE cht ONLY CGET Mt A ProPORTIONAL SItE of The 
U'S . We DON'T have auavek InformAnoN TO GET Te 
fThsovuTe «SIze of The U's, To &SMbLISh A solunoN wet 
ChooS€ ThE NOrmAlitinG CONnSTTMNT ThAT 

(a) fas 
Zu UU =| 
As A summatY of The ofmoconmiTyY frvd NOrMALITY CONDITIONS 
on The U'S we MAY WHITE IN THe ShorT Hind NoTimon 


he a ) = Sars 


Where Sas=O Uh ns ANd =] IF MES. This Nommon 
iS cAtled The INNES oF SCALAT ProdecT of Two veECTOS. 


The SOLUTON we hWAve ObTHVed IS MOre GEvErAL ThAN 
IT APPEATS. THE GRE ALITY INVOLVES The SoLUDON Of The PARTICLE 
MONON where The DiSTurbMVce does NOT Quite RESONAWTE Wih A 
NormaAt. wif WE Pescribe ThE INITMAL CONDITION oF SysT EM Artd 
At t2d mS 30), Then we chy Tad The subsequent monow 
qi ct). The RéSon WE Ch DO ThiS 1S becase we cAN fd TOGEThE 
The SOLUTIONS WI Arh iTMHry cocthcimTs | He. 


uw ow ewe a) Cut 
gt) = @ de £ 2° Oe 


git) > = Cr Ue 
Here The ut? are Tre porefit Moves o& The systTeMS Whick hve 
been worked ovT. Tne a bre Fat Numbers which dered s 

OM Heo ME SYST 1S) sTHTED. Daft 1S IT TELLS VS how Much 
of tach Normal mode 1s PresenT, The G'” cHwner bE computed 
fherd of TWME. The INTEESNNE Thine IS Glee 3.60) The 
a‘’’'s CAN be found. The mA CONdIMONS CAN bE 


expressed AS g; (0) 2. = qi” a.’ 


OR OEE a 
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IT ArsT Looks LIKE Thines Are cone fom bAd To worse. RBvT 
H We recAte A Steilar Problem whe) DERLING WITh doo rier 
SERIES WE MAY GET Somewhere. heRe wewAinTed Jo Krow 
hao much EACh Mode ADpcd TO GIVG A COMPOSITE SIGN AL. 
‘We were ADDENG SINES or COSINES OF DidterenT HEG VENCIES. 
In order TO DETErMiINE how MOCh of ONE MODE IS PRESWT 
we mAy ule Prt by ANOMEr mode, je ee 

7 * 9; 0) : a als Ue a 

4 
Now The rieht side =0 UNLESS Aes SO ONLY art 
survives ANd WE hAve fe oe 

a! 2 ggg = C ds c0) , $500)) 

Thus we bAave A Ce~EALieATON of A Fourier CKMPAWSION. 


LIMEAR Vibramon of CO, 


LETS =S6GE how is All worKS ON The LING vIbrATTION 
oF fr COr mMoLlecolLeé. The more core 1S Modeled As 


3 PATTICLES 
CONNECTED by TWO SPrines 


fom K (Uw K lem 
-_— a <_Xv.—> $k => 


The Kinenc Gweroy tS Giver 4S 
- } +2 e z 
K.E= tloxn ++ Wk 4 


New | tWd 3 DO NOT pSTErACT so The 
T3ECOM ES 


bag re 
=z 'bxX3 
POTENTIAL GW EROY 


PEs 4 KCXHx) + EK CR -X3)° 
Renchnine UfrinbLes 


" se = 
X34. K7 = = Qe X3= 39 43 
We have Se Mi. lod 
Ke > 2 (G4 Go 4+y) ; 
ree aC Cae) ae] te 
K 
— Ge “ar, Bb 83 


| $2 


The CC mamy iS Determined AS doLLows 


eos ah 2 & 
’ 3 es 
Cin «( —) 4 «+ _ i 2 
sty 83} - 5 [8 -2K 
‘ 1 = 
“8h Yo O fy S) 


For cOopuemience PICK The SOMiWG COnmSTAWT K=48. Now TO 
find The A'S we MosT solve DET CC-AT)=0. h8, 


3-r -2f Dd 
DET ( ~2fa 8-} “2G = O 
fr) -LB ox 
This 1S ex phWded OUT TO bE 
(3-A)'C8-A) - 1203-A) -1203-N =O 
(3-A)" CB-A) - 2403-A) =0 
Tre roots of Twis cobic ARE 


M23 Arto As 2 ll 
Thus The Hequewces ot vibration Are 
WwW, > ES Wr. = Wy = ™m 


We Now NEEd T And The MormAL modes , The gs. which 
CocresPONH TO MWese PATHcoL Ar Freq venwci€es. To Do ThAT WE NEED 
To ‘tor cu 


- _ 3 - a fo) u 
c U > “uly 8 -26 as ed dr Ww 
Oo -1f% 3 U3 


Ths GIVES VS Tree EQUATION 


SU, - 2B Ve + O-¥3 = AU, 
- 2&0, O-V~ = - 2v3 = AUr 
1°) -2802 + 309 =AVU3 


For A= 23 we nave 
3U, -2/3 Vi. 3v, 
-2RY, +802 - 2, = Sur 
-24% Ur + 3U3 = 303 
Thos we Wave 6 a 


U2 = 0) ' = - Us 
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This 4S ALL We The 


ProporNonws of ELEMENTS 
_— +) 
of u' . We hve Only ESTADLISH Tneif recAMvE SIZE - NOT Their 
ProsoluTe MACMITUDE. it we NOTMALIZE 


Ear Yn 
cl = ( ° 


-VR 


Know About 


~ 
tho Weaver uw” we GET 


The monon Which This 


MODE ChArACTEIzZES 


1S ThE FSoL_lLowine 
-> < 
O—we Ow 
<_— ° —_? 
TRE Two WH MDMS MOVE OUT Add IP TOOGKH SOCh Thm The 
CENTEE CAY bon fttemg eM mwS STATIONARY, 
(2) 
LeT'S NOW SdLvE For The SEcond NormAL ModE 1.é A =0 
Th 2 
Is THE 3V,-28 0. =O 
-— 28 02 r305 70 
IT foLLows Whit 


Ui = V; = vag} Or 
Achy NOFMALIZI NG 


—( ag 
Tame a ( i | 
uh 

a ( B+ )7413) = | 
-) 


or Q> (1, 
u 


( By/fi = /m (4) 

Thi cd 
WIS cASE Where 18 NO fESTOFING force 
tr eg Vendy MODE 


For 


Sd This 18 The tera 
Whertn ALL Tne ATOMS MOVE TOGEHEr IN A TTAWSLATNON. 
(3) 
For Mme 3 soron0on A =] we jKivd mat 
-27"A Ur = 80, 


-2Ufg Uz >Bv, U, = U3 


Which Gives tov a Aiter NOTMALIGING 


(3 F 

—(3) ie | . 

mae “Ai ) Te 

pcg ae 

We CAP ESTHbLISh These moves ACE OFTWOGONAL By COmMPONNG 
le) | ¢s) 

(u?,u*) 


bet) £(M) +0 - 2 Pa =O 


(uu) = a dP +8 -4642fl =0 
( 
Cee) 2 £[%+0-%n/ =o 
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WE SHALL NOW Fry TO SOLUE TwiS Probtey with Some 
INITAL cConDITONS. MHEfe The oTLITy of ThE offhocowAlity FELATIONSh: p 
WiLL PMVE TO be Very USEhL. Suppose The SOLUTION TO The 
Problem iS Given Ae. = eee Cw (Mt 

it) > 2 GQ vO 
3 (ni) 
fd AT tro we kwow (0). The Probie isto hyd a/”, 
Well IT FoLLows WAT 


g (0) ne ee) a 
So TD GeT A ALL WE NEEM DO IS MULTIPLY by aa née 
aes) ee eos Oe 
UNLESS S=N The RHS =O SO ONLY N=S SURUIVES 
aes $s 
)  ¢0)) 7 pa! ) 
Awomer usehoe DYNAMICAL CoNncepT 1S That of NorMAc 


Coord wiTes . HETE A TWehwsformANON IS MADE From TWE OLD 
coord WATES 9; to A new seT QO | The NEW Qa Are A 


— ¢a) 
Linert COMbINMON ot The oe: "p Pare 


Qe = rego wmaa | mf id 
Thus, pt comPlichred MOTION a be EXxPrEssed AS ALINEAT 
combintmon of The NorMAL Modes Where QS” TELLS how much 
of The c™ move iS PresesT. Thus AemN WE haAve AN 
PMOALOGY wITR OMELET StS: IN TurN To thud The Qf” qn- 
TEYMS of Tne Ge We nye 

a = ZU. 4: 


The ONLITY IN Work iwe with QS” 4S IN SIMpUtiiNG The 
ENGOY EQUATION. Yor exfmere The Kinenc ewetoy CAN if writer AS 
KE = Wt 9 ¢. = LEzE gy rato take | Faded 
Qo? Is mm pywmmidtl PaArimerer avd CAN bE PoLLed Throveh ui!” 
So The Som SUEF £ fwd S chy bE MAdE Thus SimPLity ioe 
The expression 


*(A) id 


Kets 22 
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The = PorewhAr ENETey 
More work, 


PE te UE 


SULSNTUNING ) (a) 
Pie oy 2a © el le or ra ee ae a 
rR S$ oy 
( 
Mou 5 Ce, ys?! : Na U: ss 
: an Cs) 
PE = ee ee NY O° QU; Vi 
2 A ae 
- 2A @ @ 


CAN be simpufied buT required 


Which tS Now A Harty Simple EX PESSION INVOLVING ONLY The 
som of SQUATES, Taus Both The KE fidld PE become uncouplep 


EQUATIONS .Theredor & Yn) (a) UY 


gi = -aQ 


To Show yov how This NOTMAL Coord INPATE Stuff Works 1'°LL 


USE TRE Previous ExfmrLe. There 

Q" 
Qo :%2 & CG +43) + 4s) 
Qs dC BCq eas) - gel 


a 
> 2 yt z (3) 
Pe Sg. S39" + to0@ +49 


zu 


(2) 
au 


ThEN 


> AG tO age = a Gg) 


MfThem ar icAuy Whi we have DONE IS TO DIAeonALIte The 


C oMAtex by A Lines TrANS tors ATON. 


1 Now WAN! Fo. PorseE Some Ne IDES 
matrices fd VecTors. LETC = Cy 


oper fMoN d= Vo A New vector. 


The scathr propecy ot qwo VveeTors 15 


fod U2. 


INVOLVING 
The 


| NOW WawT TD THLUK fAbooT AN EquivALéence transtornAnow. 
TiS iS A LiNnghy coordinate TrfwstormATION o+ The form 


, Suge + Sir Ss + O13 : 
3 % % 


Tt Sug + Sidr tS2r3 qs 
om —| 
= 9 
~W) Th oo T wy Proof tT IS Wve WaT 
Y a 


ZG > 83 


Now MAKING Tus Tyfnsfrm ANON IN The KINETIC ENerey EQuATION. 


Hee C58). 2 (Shae 8D 

USING ove New HT Tis cf be writTtad 
Kee 4 (9, S53 Z| 

Now it we FEQUITE ThiS Expression T be of ne €EQVIVALEWT 
form AS beforem Ve YY ce" g') Thew we requité The trivsdorm 
MusT S$ ATisty sts >| 
or st= ST Which mer 18 The CowdiTon dor S TO be 
Uni TATY. 


For Me PE EXPRESSION WE Hive 


Ww z 
here a! = s j es 
becomes Tre Prope Tr nv storm ATION of The P.6. MAX. 


The FOU fMovs of Monon are nee sanshed dy 
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